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Providing the underlying principles of digital communication and the design techniques of
real-world systems, this textbook prepares senior undergraduate and graduate students for
the engineering practices required in industry. Covering the core concepts, including link
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of background material. In addition to describing the basic theory, the principles of system
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goal of achieving reliable communications. Throughout the book, theories are linked to
practical applications with over 250 real-world examples, whilst 370 varied homework
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Preface

This book was written with two goals in mind: to provide the underlying principles of digital
communication and to study design techniques integrated with real world systems. The
ultimate aim of a communication system is to provide reliable transmission of information to
the user(s). This fundamental foundation was established in 1948 by Claude Shannon, the
founding father of information theory, and led eventually to the development of modern
digital communication. Analog communication is near extinction or at the very gate of it.
The full spectrum dominance of digital communication has arrived and new frontiers are
being established every decade; from cellular systems to wireless LAN and MAN, the bit
rates are being pushed ever higher for ubiquitous mobile applications.

Knowing the limit of digital transmission is vital to the design of future communication
systems, particularly mobile wireless systems, where both spectrum and power are precious
resources, and design techniques can be used to manipulate these two main resources to fit
real world applications. No single technique can cover all the requirements of a modern
communication system, which makes it necessary for students to understand the intricate
web between subsystems, each designed to support others to achieve the common goal of
reliable communication.

The book contains more than 250 examples to help students achieve a firmer under-
standing of the subject. The problems at the end of each chapter follow closely the order of
the sections. They are designed for three levels: level one covers the straightforward
application of equations; level two requires patience and deep thinking; whilst level three
requires some research of the literature to assist in finding a solution. A solutions manual for
the instructor accompanies the book.

The book was written for both senior undergraduate and graduate students studying
communications at universities and colleges. The entire book is suitable for two-
semester courses in digital communications. The first course is typically a one-semester
senior course in digital communication, which may be taken by students new to
studying communications (the conventional wisdom is that students should learn analog
communication before learning digital communications) or after completing an intro-
ductory course in communication systems (one that is heavy in analog communication
systems such as AM and FM). The second course is a one-semester course for graduate
students who already have a firm background in random variables and processes. The
practical material included in this book (much of it focused on commercial and military
systems) will be helpful for practitioners and professionals in the digital communication
field.

As in the learning of any subject, some prerequisites are required for the reading of this
book. A first course in probability theory is necessary and exposures to random processes
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Preface

would be helpful. Readers should also be familiar with linear system analysis. A knowledge
of analog communication is helpful but not required. For readers who do not have the
patience to go through all the design techniques but would appreciate the beauty of the
underlying principles, we recommend our favorite book, Principles of Digital
Communication, authored by the legendary Robert G. Gallager.
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w bandwidth, watt

{w,(8)} set of Walsh functions, n=1,2, ..., M

X random variable, discrete source, output variable of a Gaussian channel or
a matched filter

X random vector, output vector of a Gaussian channel

X mean value (expected value) of X

X2 mean-square value of X

X (ejz”f ") discrete-time Fourier transform of the sequence x(k)

‘X (f )2‘ energy spectral density of the energy signal x(7)

X() Fourier transform of x(#), folded spectrum

X(k) N-point DFT of the sequence x(n)

X" nth extension of the discrete source X

Xr(f) Fourier transform of x7(¢), 27T-truncation of x(¢), -7 <t < T

X(2) z-transform of the sequence x(k), transfer function of the composite
channel in optimum MSE-LE

X value assumed by a random variable X

X value assumed by a random vector X

[x] integer part of x

x(n) discrete-time signal, sequence used in OFDM

x(f) continuous-time signal (with or without a subscript)

x;(1) in-phase component of the bandpass signal x(¢)

{xx(8)} set of L orthonormal basis functions, k=1,2,..., L

{xx} set of L orthonormal basis vectors, k=1,2,..., L

xp(t) complex envelope (equivalent lowpass signal) of the bandpass signal x(7)

x,(2) periodic signal

xo(1) quadrature component of the bandpass signal x(¢)

x5(1) sampled function

xr (1) 2T+truncation of x(f), -7 <t < T

Y(k) N-point DFT of the sequence y(n)

y(n) sequence

W(t) continuous-time function

VA pre-mapped vector at the input of the combiner

Z(k) frequency samples of an OFDM signal (the /-Q values of symbols of
OFDM subcarriers)

Zy amplifier transimpedance

zx(2) complex envelope of the sth OFDM subcarrier

* linear convolution

& circular convolution

() complex conjugate

o arbitrary constant
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oy normalized signal amplitude in MQAM

a, complex Doppler factor

]ap} Doppler loss factor

s proportionality constant, roll-off factor of a raised-cosine filter

y threshold

Ykm complex Doppler loss factor

Y MSK data stream

r ground reflection coefficient, gamma function

AF frequency offset in OFDM

Af peak frequency deviation

Ag; differential Doppler phase error

Ay post-estimated differential Doppler phase error

Ae; — A& double-differential Doppler phase error

0 jamming pulse duty cycle, fraction of FH bandwidth being jammed,
fraction of a hop being jammed

Ojj Ofori#jand 1 fori=j

o(t) unit impulse function

€ phase error

€l Doppler phase error

0 phase

Ok azimuth angle of the kth wave

o, Earth station longitude

0y Earth station latitude

Os GEO satellite longitude

0(¢) phase function

A wavelength, Lagrange multiplier
U conditional mean value

AXly) conditional likelihood ratio

II product, fractional coverage area
p spatial correlation coefficient

px(T) normalized autocovariance of the random process x(f)

o? variance of noise

O4B standard deviation of the log-normal density variable in decibels
0% variance of the random variable X

a2 power of the diffuse paths

T time delay variable, average fade duration

7:(t) path delay

® phase state in CPM

Dk polar angle of the kth wave

() impossible event, null set, phase in MFSK and CPM, phase shift
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List of symbols

power spectral density of the equalizer output noise

set of orthonormal eigenfunctions of the noise autocorrelation

voice activity factor or data duty cycle

chi-square

angle of mobile direction with respect to the x-axis, Doppler phase error
power spectral density of sampled noise

power spectral density of output noise of ZF-LE

phase of a bandpass process

mean-square value of the envelope of the Nakagami-m process
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2G

3G

AD
AGN
AMPS
APD
ASK
AWGN
BCH
BEC
BPA
BSC
CDM
CDMA
CDMA 2000
CP

CPM
CP-MFSK
CRC
csI
CSIR
CSK
D/A
DD-DF
D-DF
DEMUX
DFS
DFT
DMC
DMPSK
DMQAM
DPSK
DQPSK

Abbreviations

second generation

third generation

analog/digital conversion

additive Gaussian noise

advanced mobile phone system
avalanche photodiode

amplitude shift keying

additive white Gaussian noise
Bose—Chaudhuri-Hocquenghem code
binary erasure channel

belief propagation algorithm

binary symmetric channel

code division multiplexing

code division multiple access

3G CDMA

cyclic prefix

continuous phase modulation

continuous phase M-ary frequency shift keying
cyclic redundancy check

channel side information

channel side information at the receiver
code shift keying

digital/analog conversion
double-differential decision-feedback algorithm
differential decision-feedback algorithm
demultiplexer

decision-feedback selection

discrete Fourier transform

discrete memoryless channel

differential M-ary phase shift keying
differential quadrature amplitude modulation
differential phase shift keying
differential quadrature phase shift keying
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List of abbreviations

DSB-AM
DS
DS-CSK
DS-PSK
DS-SS
DTFT
EGC
EIRP
ESN
ETACS
FCC
FDM
FDMA
FFH
FFT
FH
FIR
FM
FSE
FSK
/T
GEO
GMSK
GPS
GSM
\h| SNR
ICI

ICI
IDFT
IEEE
IFFT
iid

TR

IPI

IS

ISI
989
IDC
JTACS
LDPC

double sideband—amplitude modulation
direct sequence

direct sequence—code shift keying

direct sequence—phase shift keying
direct sequence spread spectrum
discrete-time Fourier transform

equal gain combining

effective isotropic radiated power
electronic serial number

extended total access cellular system
Federal Communications Commission
frequency division multiplexing
frequency division multiple access

fast frequency hop

fast Fourier transform

frequency hop

finite impulse response

frequency modulation

fractionally spaced equalizer

frequency shift keying (binary frequency shift keying)
frequency—time product

geostationary orbit

Gaussian minimum shift keying

global positioning system

global system for mobile communication
instantaneous SNR

intercarrier interference

interchannel interference

inverse discrete Fourier transform
Institute of Electrical and Electronics Engineers
inverse fast Fourier transform
independent and identically distributed
infinite impulse response

intrapath interference

interim standard

intersymbol interference

intersample interference

Japanese digital cellular system

Japanese total access communication system
low-density parity-check code



XXxii List of abbreviations

LFSR linear feedback shift-register

LLR In-likelihood ratio

LR likelihood ratio

L-REC rectangular pulse of duration L symbols
L-RC raised cosine pulse shape of duration L symbols
LSB lower sideband

LTI linear time-invariant

MAP maximum a posteriori

MASK M-ary amplitude shift keying

MFSK M-ary frequency shift keying

MIMO multiple-input multiple-output

MIN mobile identification number

MIP multipath intensity profile

MISO multiple-input single-output

ML maximum likelihood

MLSD maximum likelihood sequence detection
MMSE minimum mean-square error

MPA message passing algorithm

MPSK M-ary phase shift keying

MQAM quadrature amplitude modulation

MRC maximal ratio combining

MSC mobile switching center

MSE-DFE mean-square error decision-feedback equalizer
MSE-LE mean-square error linear equalizer

MSK minimum shift keying

MUI multi-user interference

MUX multiplexer

NAMPS narrowband advanced mobile phone system
NRZ non-return-to-zero

NTACS narrowband total access communication systems
OFDM orthogonal frequency division multiplexing
OOK on—off keying

OQPSK offset quadrature phase shift keying

PCS personal communication system

PD pin photodiode

PDC Pacific (or personal) digital cellular system
PDF probability distribution function

pdf probability density function

7/4-DQPSK  7/4 shift differential quadrature phase shift keying
PLL phase-locked loop
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PN pseudo-noise

PSK phase shift keying (binary phase shift keying)
PSTN public switched telephone network
QPSK quadrature phase shift keying

RS Reed—Solomon code

SC selection combining

SCM station class mark

SFH slow frequency hop

SIMO single-input multiple-output

SINR signal-to-interference and noise ratio
SINR path signal-to-interference-and-noise ratio
SINR, output signal-to-interference plus noise ratio
SIR signal-to-interference ratio

SIR; input signal-to-interference ratio

SIRy output signal-to-interference ratio

SJINRy output signal-to-jamming-plus-noise ratio
SJR; input signal-to-jamming ratio

SJR;. , input signal-to-pulse jamming ratio

SJRy output signal-to-jamming ratio

SJRo, p output signal-to-pulse jamming ratio

SNR signal-to-noise ratio

SNR diversity symbol signal-to-noise ratio
SNRy output signal-to-noise ratio

SPA sum product algorithm

TCM trellis coded modulation

TDMA time division multiple access

TIA/EIA Telecommunication Industry Association/Electronic Industry Association
USB upper sideband

USDC US digital cellular

VCO voltage-controlled oscillator

WCDMA wideband CDMA (3G CDMA)

WLAN wireless local area network

WMAN wireless metropolitan area network
WSCS wide-sense cyclostationary

WSS wide-sense stationary

ZF-DFE zero-forcing decision-feedback equalizer

ZF-LE zero-forcing linear equalizer






Introduction

If the mind is in tranquility, time and space cease to exist.
Essence of Buddhism

1.1 Brief overview
I —

This book provides the principles of digital communication and studies techniques to design
and analyze digital communication systems for point-to-point and point-to-multipoint
transmission and reception. Other than for radio broadcasting, modern communication
systems are going digital, and in the USA the conversion of analog TV broadcasting into
digital HDTV broadcasting at the beginning of 2009 signified the coming end of analog
communications. Communications between living beings began with the voice, and the
three biggest voice systems in the world are the telephone, and the cellular and radio
broadcasting systems.

The dissemination of visual activities then propelled the development of TV broadcasting
systems. The pioneer telephone network and radio broadcasting systems employed analog
communication techniques, such as AM and FM, for transmission of analog voice, as did the
analog TV broadcasting systems, which employed VSB-AM for picture transmission. The
quality of the message, such as voice and images, at the analog receiver depends on
how well the waveform that carries the message over the physical channel (twisted-pair
telephone wires, coaxial and fiber-optic cables, space, and water) can be reproduced. In
addition, the fidelity of the received message depends on the signal-to-noise ratio at the
receiver input. For good analog communications, the signal-to-noise ratio must be large, and
this requires high-power transmitters, such as are used in AM radio and TV broadcasting.
For FM radio broadcasting a large frequency spectrum is used, such as 200 kHz for radio
broadcasting, which shows that analog communications do not utilize power and bandwidth
efficiently. Furthermore, the advent of the Internet requires audio, video, imagery, and text
messages to be integrated for transmission over a common channel and this in effect rules
out analog communications such as AM and FM.

In analog communications, the message signal requires an infinite set of continuous-time
waveforms for transmission over a physical channel. This is because the message itself, such
as audio or video, must first be converted into a voltage baseband waveform with a
continuous range in amplitude that has countless possible values. When the baseband
voltage waveform is used to modulate an RF carrier for transmission, such as in AM or
FM, the modulated RF signal transmitted over the physical channel also has countless
possible values in both its amplitude and frequency ranges. The only way to recover the
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message signal is to faithfully reproduce the baseband waveform from the modulated signal.
This can be done easily in the case of no noise and no equipment imperfections, but
otherwise the fidelity of the message signal may be reduced. Digital communication does
not involve the faithful reproduction of the baseband waveform in the presence of noise
and equipment imperfections. Digital communication operates instead with a finite set of
continuous-time modulation waveforms for transmission over a physical channel. This
implies that the message signal must be represented by a finite set of voltage baseband
waveforms. Mathematically, a finite set of waveforms can only represent a finite set
of alphabets, commonly referred to as symbols. A symbol consists of a fixed number of
binary digits or bits. For example, the set of four distinct symbols {00, 01, 10, 11} can be
represented by four distinct waveforms {44 cos 2zf.t, +A sin 2zf.t}. The time separation of
consecutive waveforms that represent a symbol stream is called the symbol time, which is
the inverse of the symbol rate. If the waveforms are of finite duration then this duration is the
symbol time. This begs the question of how to obtain the bits or symbols that represent the
message. The process of converting a voltage baseband waveform that represents an audio
or video message into bits is referred to as the analog-to-digital conversion (or A/D). Text
messages generated by computers are inherently in bits, so with A/D conversion, audio,
video, text, and imagery can all be integrated into a single digital stream of bits. The process
of A/D, bit-symbol mapping, baseband waveform shaping, and modulation is referred to
as digital transmission. The process of demodulating the modulated signal, detecting the
symbol, symbol-bit mapping, and digital-to-analog conversion (or D/A) is called digital
reception.

Digital communication makes no attempts to reproduce the finite set of voltage baseband
waveforms. Instead, the receiver detects the energy content of each baseband waveform in
the presence of noise and equipment imperfections, and then makes a best estimate of which
transmitted symbol was received. If the signal-fo noise ratio per symbol is reasonably large,
a symbol will most likely be detected correctly with high probability. If not, a symbol error
may occur. This is the essence of digital communication. For a given signal-to-noise ratio, an
analog communication receiver attempts to reproduce the voltage baseband waveform with
certain subjective fidelity. On the other hand, for a given signal-to-noise ratio per symbol, a
digital communication receiver produces symbols with a guantitative error rate. It is
important to know in advance the lower bound of the signal-to-noise ratio per symbol for
a specified error rate irrespective of the type and size of the set of modulation waveforms. In
1948 Claude Shannon established this lower bound and also provided the channel capacity
for reliable transmission [1]. Shannon’s work gives the designers of digital communication
systems the freedom to choose the set of modulation waveforms that achieve either the
best power or bandwidth efficiency, or a trade-off combination of both. As long as the
transmission rate is below the channel capacity and the signal-to-noise ratio per symbol is
above the Shannon limit, reliable communication is possible with an arbitrarily small error
rate. Guided by the Shannon channel capacity theorem (main theorem), the designer can
further integrate error-correction codes with modulation techniques to lower the signal-to-
noise ratio per symbol to achieve a specified error rate. The first error-correction code, the
Hamming code, was discovered by Richard W. Hamming in 1950, two years after Shannon
published his landmark work [2]. In addition to the main theorem, the Shannon first theorem
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Conceptual block diagram of a digital communication system.

provided the framework for encoding a discrete source of a finite set of symbols to minimize
the bit rate at the source encoder output. This allows the compression of the A/D samples of
the message signal to remove redundancy and any insignificant information not perceptible
by the human eye or ear.

The most common compression algorithms in use today are MP3 for music, JPEG for
pictures, and MPEG for video. Figure 1.1 shows the conceptual block diagram of a digital
communication system. The material in the book is organized to cover the transmitter,
receiver, and channel.

1.2 Scope

Chapter 2 provides a general study of deterministic signals that can be analyzed with Fourier
transform and Fourier series. Simple classification of signals and the concept of power and
energy are reviewed. One important class of signal, namely orthogonal signals, such as the
Walsh functions employed in IS-95, CDMA 2000, and WCDMA, is discussed in detail.
The majority of continuous-time and finite-energy signals in practice can be conveniently
analyzed via their signal spaces. These signal spaces are displays of the signal vectors in
their respective constellations. The signal vectors which can be viewed as the A/D versions
of a signal set contain all the information about the signal set. Practical communication
systems are inherently linear time-invariant systems operating in the small-signal range.
They can be analyzed by Fourier series and Fourier transform to provide a frequency-
domain snapshot of the signal bandwidth. The concept of autocorrelation and its relationship
with energy or power spectral density are discussed for linear time-invariant systems.
The sampling theorem that governs the A/D conversion of an analog signal and the
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Nyquist-Shannon interpolation for reconstruction of the analog signal are presented.
Finally, the representations of a bandpass signal, that is, the signal sent over a physical
channel, are discussed. The complex envelope (equivalent lowpass signal) of a bandpass
signal that can be employed to simplify the analysis of a communication system is also
included.

Chapter 3 studies random signals and their statistics. Although a finite set of deterministic
signals is employed to represent a finite set of information symbols, the transmitted symbols
are truly random, with each one in the set occuring with a fixed probability. Therefore, the
infinite series of signals transmitted over the channel is indeed a random process with finite
power. The study of random processes allows the establishment of the Fourier transform
relationship between the autocorrelation of the random process and its power spectral
density via the Einstein—Wiener—Khinchine theorem. The emphasis here is on cyclo-
stationary processes, which encompass all digitally modulated signals. The Gaussian
process that is used to represent channel noise is discussed in sufficient detail. Sampling
of bandlimited white Gaussian process, sufficient statistics for white Gaussian samples, the
Karhunen—Loeve theorem, and whitening filter are studied. To study the performance of
wireless communication via a fading channel we look at a variety of processes derived
from the Gaussian process, such as the Rayleigh, Rice, Nakagami-m, x?, and log-normal
processes.

Chapter 4 provides a general study of information theory developed by Shannon, and
addresses both source and channel coding. The concept of source entropy and prefix code is
discussed. Shannon—Fano and Huffiman prefix codes are used as examples. The Shannon
first theorem is presented with a proof, and the concept of mutual information is presented
together with the Shannon main theorem for a discrete channel. The concept of differential
entropy for a Gaussian channel is introduced, and leads to mutual information and Shannon
channel capacity. Vector Gaussian channels and the water filling strategy are presented to
highlight the concept of channel coding, which is also interpreted via the sphere packing
bound. The channel capacity of a bandlimited Gaussian channel and the channel capacity of
a Gaussian channel with discrete inputs are derived. The latter provides a snapshot of how
efficient digitally modulated signals perform as compared to the Shannon capacity. Channel
coding can be done with error-correction codes such as block codes and convolutional
codes. Performance of coded digital signals is presented for both block codes and convo-
lutional codes, with the emphasis on low-density parity-check codes (LDPC) and con-
volutional codes. The decoding of LDPC codes is implemented via the message passing
algorithm. The decoding of convolutional codes is carried out via the Viterbi algorithm,
which includes hard decoding, and quantized or unquantized soft decoding.

Chapter 5 examines methods for establishing a communication link between the trans-
mitter and receiver, commonly referred to as link analysis. The link budget involves the
allocation of power to the transmitter and noise temperature (or noise figure) to the receiver
so that a signal-to-noise ratio is established at the receiver to match a specified error rate
range. Given the transmitter power and the channel attenuation, the power of the received
signal can then be established. The channel attenuation is unique for each physical medium.
The chapter begins with the concept of the noise temperature of a two-port network,
which leads to the concept of the system noise temperature of a cascade of two-port
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networks modeling a receiver. The system noise temperature allows the evaluation of noise
power in the receiver bandwidth, and hence the system signal-to-noise ratio. The physical
channels investigated in this chapter are the cellular and satellite channels. For the cellular
channel, we adopt the well-known Hata model to estimate the median path loss between
the transmitter and receiver. The presence of co-channel interference between cells is also
taken into account. Both narrowband cellular systems (IS-136, GSM) and wideband CDMA
cellular systems (IS-95, CDMA-2000, WCDMA) are covered. For a satellite channel,
the communication link is a point-to-point link, consisting of up- and downlinks. The
Friis formula for free-space attenuation is employed to establish the uplink or downlink
attenuation.

Chapter 6 presents modulation techniques for transmitting information over the physical
channel. The chapter essentially has two parts, namely binary modulation and M-ary
modulation. The structure of each modulation technique is studied via the signal waveform,
the power spectral density, and the modulator. For binary modulation we investigate phase
shift keying (PSK), differential phase shift keying (DPSK), amplitude shift keying (ASK)
(commonly referred to as intensity-modulated on—off keying (OOK), a technique used in
fiber optic communication), frequency shift keying (FSK), minimum shift keying (MSK),
and Gaussian MSK employed by the GSM cellular standard. Many practical applications
require either the higher spectral efficiency or higher power efficiency that binary modu-
lation techniques can provide; M-ary modulation can accommodate both. The second part of
this chapter covers M-ary amplitude shift keying (MASK), M-ary phase shift keying
(MPSK), offset quadrature phase shift keying (OQPSK), differential M-ary phase shift
keying (DMPSK), 7/4 shifted differential quadrature phase shift keying (z/4-DQPSK),
M-ary quadrature amplitude modulation (MQAM), code shift keying (CSK), M-ary fre-
quency shift keying (MFSK), and continuous phase modulation (CPM). The chapter con-
tinues with a treatment of the dominant multiplexing-modulation technique, namely
orthogonal frequency division multiplexing (OFDM), which is used in many wireless
standards. The chapter ends with a look at trellis coded modulation (TCM) for bandlimited
channels. Both Ungerboeck and pragmatic TCM are investigated.

Chapter 7 provides a treatment of digital demodulation. A generic digital demodulator
consists of two major subsystems, namely the signal processor and the detector. There are
four types of signal processor: the matched filter, the correlator, the noncoherent matched
filter, and the noncoherent correlator. The first two types are employed in coherent de-
modulation while the last two types are used in noncoherent demodulation. For binary
demodulation the two fundamental detectors are threshold and maximum detectors. For
M-ary demodulation the two fundamental detectors are the minimum Euclidean distance
detector and the M-ary maximum detector. Combining the signal processor(s) and the
detector in that order produces an L-path demodulator for the set of digital signals with
L orthonormal basis functions and an M-path demodulator for the set of M orthogonal
signals. The bit error probability analysis is carried out for binary modulation techniques
such as coherent PSK, coherent DPSK, direct-detection ASK (for fiber optic communica-
tion), coherent FSK, coherent MSK, precoded MSK and GMSK, noncoherent FSK and
MSK, and noncoherent DPSK. For M-ary demodulation, the bit error probability analysis is
carried out for coherent MASK, coherent MPSK, coherent DMPSK, noncoherent DMPSK,
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coherent MQAM and DMQAM, coherent CSK and MFSK, noncoherent CSK and MFSK,
coherent CPM with sequence detection, coherent CPM with symbol-by-symbol detection,
and noncoherent CPM. The chapter continues with OFDM demodulation, with emphasis on
the IEEE 802.11a,g standards. Finally, the demodulation and decoding of TCM are studied
and performance analysis is investigated. The Viterbi algorithm is again used to illustrate the
decoding process.

Chapter 8 investigates two major spread spectrum communication techniques for both
commercial and military applications: direct sequence (DS) and frequency hop (FH). The
chapter begins with a presentation of the pseudo-noise (PN) sequences needed for spreading
the modulated signal. Next the concept of quadrature orthogonal covering using Walsh
functions of the same length for multiplexing DS signals with an identical symbol rate is
discussed. This concept is then extended to variable-length orthogonal covering for variable
symbol rates. IS-95 is used as a real life example for the study of the direct sequence
spread spectrum. The demodulation of DS signals in the presence of tone jamming, broad-
band jamming, and pulse jamming is analyzed. Demodulation of quadrature orthogonal
covering (IS-95 forward link) as well as noncoherent DS-CSK (IS-95 reverse link) is
presented. The analysis of code division multiple access (CDMA) with random spreading
sequences is presented together with a closed form expression and a tight upper bound for bit
error probability. For frequency hop signals, three jamming strategies are studied: partial-
band jamming, multi-tone jamming, and follower jamming. Both slow and fast hops are
considered for follower jamming.

Chapter 9 deals with intersymbol interference (ISI) in a bandlimited channel. The Nyquist
criterion for zero ISI is stated together with the corresponding pulse shapes that satisfy it.
The design of an optimum demodulator for a bandlimited channel with Gaussian noise is
carried out. The optimum demodulator relies on the signal pulse shape implemented at the
modulator. The channel is converted to an ideal channel via an equalizer implemented at the
modulator (the equalizer is a filter with a transfer function equal to the inverse transfer
function of the channel). At the demodulator, a matched filter matched to the signal pulse
shape simultaneously achieves both the maximum signal-to-noise ratio and zero ISI as long
as the pulse shape at the matched filter output satisfies the Nyquist criterion of zero ISI.
In practice, because the channel transfer function is not known or varies with time, ISI
removal is instead implemented at the demodulator. The equalizer implemented at the
demodulator can be classified into two types: linear and nonlinear. The treatment of linear
equalizers covers zero-forcing and mean-square error equalizers. The latter alleviates the
noise enhancement effect that severely degrades the former in channels with deep attenu-
ation in the passband. Nonlinear equalizers such as zero-forcing decision-feedback and
mean-square error decision-feedback can avoid the noise enhancement effect altogether,
although in channels with severe distortion the error propagation due to decision feedback
could worsen the performance. To obtain optimum performance, maximum likelihood
sequence detection may be employed to mitigate the ISI. The motivation behind sequence
detection is to use the symbol energy that resides in the ISI portion of the symbol to aid the
detection instead of throwing it away. The Viterbi algorithm is employed in practice for
sequence detection. Finally, a fractionally spaced equalizer that can mitigate timing error
is presented.
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Chapter 10 studies the transmission and reception of a digitally modulated signal over a
fading channel. Unlike the AWGN channel, where noise is the only problem, a fading
channel is a greater challenge, as it may cause signal envelope variations, phase errors, and
intersymbol interference, all of which are detrimental to the performance of the signal. Thus,
it is necessary to understand the mechanism that causes these unwanted effects and find
ways to mitigate them. A fading channel arises from the movement of the transmitter and
receiver, commonly referred to as the time-varying effect or Doppler effect. This may cause
random amplitude attenuation and random phase rotation of the signal space. In underwater
acoustic communication, the medium also changes over time, further compounding the
problem. A fading channel also exhibits a space-varying effect, where the locations of the
transmitter and receiver and the physical structures in the environment dictate the paths that
the signal may travel. A transmitted signal representing an arbitrary symbol may arrive at the
receiver via multiple paths. Depending on the time delay between paths, signal echoes of a
symbol may overlap the next several symbols causing intersymbol interference. Both time-
varying and space-varying effects can be classified into four fading characteristics: slow
fading with random amplitude attenuation and negligible phase error, fast fading with
random amplitude attenuation and large phase error, flat fading with random amplitude
attenuation and negligible intersymbol interference, and frequency-selective fading with
random amplitude attenuation and intersymbol interference. A mobile wireless channel may
have two of these four characteristics where the random amplitude attenuation is described
by a special distribution (Rayleigh, Rice, and Nakagami-m). For analysis, it is convenient to
model a fading channel with a channel impulse response that includes both time- and space-
varying effects. From the channel impulse response, the multipath autocorrelation and
Doppler profiles are derived, which lead to the concept of the Doppler power spectrum.
Clarke—-Doppler and Aulin—Doppler spectra are studied as examples. Using a mathematical
model, the performance of a modulated signal in a fading channel is analysed. First, ideal
coherent demodulation (assuming the carrier phase is always available for symbol-by-
symbol detection) is investigated and the fading channel is assumed to produce only random
amplitude attenuation. Channel tap estimation as well as the channel tap error effect is
studied to reflect real world situations.

Next, the slow fading channel with random amplitude attenuation is investigated for pilot
symbol-aided demodulation (the pilot symbols are periodically transmitted in the symbol
stream; this represents a less desirable situation than ideal coherent demodulation but
remains in line with practical applications). These investigations are extended to OFDM
(the major waveform that was adopted by IEEE 802.11a-g, 802.16 to name a few) where a
slow and frequency-selective fading channel is assumed. The fundamentals of coherent
demodulation are extended to noncoherent demodulation, where the Doppler tracking of
orthogonal signals is investigated. The next discussion centers on another major waveform
that was adopted by 1S-95, CDMA 2000, and WCDMA (for use either in the forward
channel or reverse channel or both) for their respective cellular systems, namely, orthogonal
covering and spread spectrum signals. Complex spreading and despreading as well as
Doppler analysis and tracking are presented. For completeness the demodulation of the
signal used in the reverse channel of IS-95 is also presented. Once the Doppler phase error
resulting from either slow or fast fading is corrected via Doppler tracking, and the ISI
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resulting from frequency-selective fading is mitigated via OFDM and equalization, only
random amplitude attenuation remains to be dealt with. This particular effect can be
effectively alleviated via the use of time, frequency, antenna, or multipath delay diversity.
Diversity is a signal combining method that makes use of uncorrelated signal redundancy
for both transmission and reception to enhance symbol detection in the presence of a
deep fade which may destroy a non-diversity symbol. Diversity can be achieved via
redundant symbol interleaving for time diversity, or via uncorrelated subcarrier com-
bining in OFDM for frequency diversity. It can also be achieved via multiple transmit
antennas for transmit antenna diversity, and via multiple receive antennas for receive
antenna diversity or using a Rake receiver for multipath delay diversity. Combinations of
these methods are also possible. Three main signal combining methods are studied:
maximal ratio combining (MRC), selection combining (SC), and equal gain combining
(EGC). MRC is the optimum combining scheme for coherent or pilot symbol-aided
demodulation in AWGN and is the most commonly used method for wireless LAN,
MAN, WAN, and cellular systems. It is superior to SC and EGC, although it cannot be
used for noncoherent demodulation, unlike the other two schemes. Wireless communi-
cation in a fading channel favors the use of multiple transmit antennas for performance
enhancement. This type of antenna diversity employs orthogonal space-time block codes
with rates of !4, %, and 1 with MRC at the receiver. The Alamouti code with unity rate
was recommended for the IEEE 802.16 family. Integrating both transmit and receive
antenna diversity provides the receiver with a powerful method to combat random
amplitude attenuation.

The remaining parts of this chapter investigate the capacity of a fading channel. Since
a fade causes an outage that may drive the instantaneous channel capacity to zero, the
average channel capacity defined for an AWGN channel does not exist for a slow fading
channel. Therefore, the outage channel capacity is defined instead. The evaluation of
outage capacity for a slow fading channel, as well as slow fading channels with receive
antenna diversity (SIMO), transmit antenna diversity (MISO), both receive and transmit
antenna diversity (MIMO), and OFDM are presented. For a fast fading channel, the
average channel capacity is well defined since symbols fade independently and there
exists a coding system that ensures a maximum reliable rate, which is the ensemble
average rate. Fast fading is less detrimental than slow fading from the capacity point of
view but requires more complex channel coding to deal with both Doppler phase error
(virtually eliminated via Doppler tracking in slow fading) and random amplitude
attenuation.

1.3 Summary
I
The structure of the book can be summarized as follows:

o Acquiring the prerequisite knowledge of communication signals: Chapters 2 and 3.
o Packaging the message and introducing the concept of signal-to-noise ratio and bandwidth: Chapter 4.
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e Measuring and establishing the required signal-to-noise ratio for a given communication coverage:
Chapter 5.

e Sending the message based on the required signal-to-noise ratio and bandwidth: Chapter 6.

o Receiving the message and providing the best detection: Chapter 7.

o Enhancing the survivability of narrowband modulation in the presence of interference via bandwidth
spreading, i.e., spread spectrum modulation: Chapter 8.

o Pulse shaping and equalizing the effect of a bandlimited channel for modulated signals: Chapter 9.

e Dealing with sending and receiving signals over a mobile channel for previously discussed modulation
techniques: Chapter 10.
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Deterministic signal analysis

Introduction

In this chapter we lay the foundation for the analysis and design of communication systems,
and digital communication systems in particular. We employ deterministic signals to carry
information from the transmitter to the receiver. These deterministic signals contain certain a
priori features sufficiently adequate for the receiver to retrieve the information. Note that the
information always appears random to the receiver, that is, it does not know which data it
will receive; otherwise, communications would not be needed. Deterministic signals form
a very broad class of signals; therefore, the first step is to categorize them so that their
characterization can be fully exploited. The categorization leads to the labels continuous-
time, discrete-time, periodic, aperiodic, analog, digital, energy, and power signals. Further
study leads us to orthogonal signals and the use of signal space to represent digital signals as
vectors. We also review linear time-invariant (LTI) systems and the important convolution
operation that relates the inputs and outputs of an LTI system.

We then investigate Fourier series representation of continuous-time periodic signals,
and Fourier transform of continuous-time aperiodic signals. The Fourier transform is
indispensable in the analysis and design of LTI systems. The energy spectral density of an
energy signal and the power spectral density of a power signal are studied. From here the
autocorrelation functions of both energy and power signals are examined.

The process of representing a continuous-time signal by its samples is then studied using
the sampling theorem. We also discuss the process of recovering a continuous-time signal
from its samples. Finally, we study various representations of bandpass signals, which are
commonly used in the analysis of communication systems.

2.1 General description of deterministic signals

10

A deterministic signal is completely specified at any instant of time ¢. There is no uncertainty
about its value at 7. The transmitter employs deterministic signals to carry random informa-
tion. When the receiver receives a transmitted signal that has been corrupted by noise
(a random signal), it attempts to detect the information by stripping away the deterministic
signals. A deterministic signal can fall into a number of categories, which are described
below.
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x(1)

S
.

A+

Sinusoidal signal.

x(n)=A cos zﬂ
12

Discrete-time sinusoidal signal.

Continuous-time signals

A continuous-time signal x(¢) is a signal of the real variable ¢. For example, the sinusoidal
signal

x(t) = A cos 2xfyt 2.1)
shown in Figure 2.1 is a function of the time variable ¢, with amplitude 4 and frequency f;.

Discrete-time signals

A discrete-time signal x(n) is a sequence where the values of the index n are integers. For
example, the discrete-time sinusoidal signal

x(n) = A4 cos 2zfon (2.2)

with fy = 1/12 is shown in Figure 2.2.
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Often a discrete-time signal is obtained from a continuous-time signal x(f) by sampling
at the time instants separated by a sampling interval T. Thus, x(n) = x(nT). For example,
if x(¢) =cos2x fot, then x(n) =x(nT) = cos2x fonT. Specifically, foT =1/12 for
Figure 2.2.

Periodic and aperiodic signals

A periodic signal x(¢) satisfies the following condition:

x(¢) = x(t + Tp) 2.3)

for all time ¢, where 7 is the period. A signal x(f) that is not periodic is referred to as an
aperiodic or nonperiodic signal.

Example 2.1 Continuous-time sinusoid
The signal x(¢) = A cos 2zfyt shown in Figure 2.1 is a continuous-time periodic signal with
period Ty = 1/f. Note that

x(t+ Ty) = Acos[2zfo(t + To)] = A cos(2nfot + 2nfy To)

= Acos[2zfyt + 2x] = A cos2xfyt = x(¢) @9

Periodic signals are defined analogously in discrete time. Specifically, a discrete-time
periodic signal x(n) satisfies the following condition:

x(n) = x(n+ No) 2.5

for all integers n, where the positive integer N is the period.

Example 2.2 Discrete-time sinusoid
The signal x(n) = 4 cos 2zfyn is periodic if

A cos2zfon = A cos2xfy(n + Ny)

(2.6)
= Acos(2zfon + 2xfoNo)
This implies that 2zfy Ny must be a multiple of 2z. Thus, for an arbitrary integer m
2xfoNog = 2tm 2.7

or equivalently

fo =m/Ny (2.8)
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s1(1)

t t
iT, (+D)T, iT, (i+1) T,

$o(1)

Antipodal signals.

Representation of the bit sequence {1, 0, 1, 1}.

Thus x(n) is periodic only if fy is a rational number. Obviously, the fundamental
Srequencyis fo = 1/Ny, assuming that m and Ny do not have a common factor. The sequence
x(n) = A cos(2zn/12) is periodic with period Ny = 1/fy = 12.

[

Analog and digital signals

An analog signal is a signal with a continuous range of amplitudes. For example, the signal
x(¢) = A cos 2zfyt, —00 < t < 00, is an analog signal.

A digital signal is a member of a set of M unique analog signals that represent M data
symbols.

Example 2.3 Antipodal signals
The binary digital signals s,(¢) = 4, iT, < t < (i+1)T, and s5(¢t) = —A4, iT, <t <(it1) T
shown in Figure 2.3 represent bit 1 and bit 0, respectively. The parameter 7}, is the duration
of 51(?) or 5,5(?), and it is called the bit time (bit interval, bit duration). The time index i is an
integer. The amplitude is A. This signaling technique is called antipodal signaling (also
referred to as bipolar, non-return-to-zero (NRZ), or polar NRZ in the literature).

The digital signals s,(f) and s,(¢) can be employed to represent the sequence of bits
{1,0, 1, 1}, as shown in Figure 2.4.
]

Example 2.4 Phase shift keying
The set of two digital signals s(¢) =4 cos 2af.t, iT, <t<(i+1)T, and
52(t) = —A cos 2xf.t = Acos(2xf.t + x), iT, < t < (i+1) T, shown in Figure 2.5 can be
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51(0) so(1)

iT, \/ \/(i+l)Tbl in\/ V(HI)T,, '

Binary digital signals.

MCAMAAD
VWV VTV

Representation of bit sequence {1, 0, 1, 1}

employed to represent bit 1 and bit 0, respectively. The frequency f.. is normally greater than
1/Tp. The parameter R, = 1/T, is referred to as the bit rate. Note that there is a phase
shift of 7 radians between bits 1 and 0. This signaling or modulation technique is called
binary phase shift keying or simply PSK (also referred to as BPSK or 2PSK in the
literature).

The sequence of bits {1, 0, 1, 1} represented by s,(¢) and s,(¢) is shown in Figure 2.6.
(]

A generalization of PSK is M-ary phase shift keying (MPSK) where M data symbols are
represented by M signals with distinct phase shifts. Each symbol has & bits, hence, M = 2*.
The symbol time (symbol interval, symbol duration) is 7,. The parameter Ry, = 1 /Ty is
referred to as the symbol rate. Note that a symbol has £ bits; therefore, a symbol time consists
of k bit times, that is, Ty = kTj. Thus, the symbol rate is 1/k times the bit rate, that is,
Ry =Rp/k = 1/kT}.

The MPSK signals can be written in an arbitrary symbol interval i7; < ¢ < (i + 1)T;, where
i is an integer, as follows:

s (1) :Acos(znﬁt+(2n— 1)}%), n=1,2,...M (2.9)

where the frequency f;. > 1/T,.

Example 2.5 Quadrature phase shift keying
For the case M = 4, there are four signals representing four distinct symbols 00, 01, 10, 11.
In this case, each symbol has £ = 2 bits and the signals are given as
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00 01 10 11
JAWA /\ /\ /\ A\ /\ :
vV V \/ \/V \/

4ASK for the sequence {00, 01, 10, 11}

s1(t) = Acos (Znﬁ.t + f) for 00

Acos<27rfct+ > for 01
= Acos (27rfct+ > for 11

s4(t) = Acos<2nﬁ1+7 ) for 10

This signaling or modulation technique is called quadrature phase shifi keying or simply
QPSK (also referred to as 4PSK in the literature).
[

Example 2.6 4-ary amplitude shift keying

Consider the set of M = 4 symbols {00, 01, 10, 11}. The following four digital
signals represent the above symbols in an arbitrary symbol interval i7, < ¢
< (@+1) Ty

s1(t) = A cos2xf.t for 00
s2(t) = 34 cos2xf.t for 01
s3(t) = —A cos2xf.t for 10
s4(t) = —34 cos2xf.t for 11

Figure 2.7 shows the sequence {00, 01, 10, 11} as represented by s (¢), s2(¢), s3(¢), and s4(¢)
in time. This signaling or modulation technique is called 4-ary amplitude shift keying or
simply 4ASK.

[

In the next section we will investigate two special types of deterministic signals, namely,
power and energy signals, and their relationship.
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2.2 Power and energy
|

The average power in watts delivered by a voltage signal v(¢) in volts to a resistive load R in
ohms is given by

p=-m (2.10)

where V,,,s is the root mean-square (rms) value of v(¢), defined as

1 T 1/2
v, - [Tlﬁ&ﬁj i V(1) dt] @.11)

In communications, the value of the resistive load is normally assumed to be
R=1Q (2.12)

Thus the average (normalized) power in watts is given by
T
P = lim 7J V2 (1) dt (2.13)
-T

A signal v(7) is called a power signal if and only if the average power is non-zero and finite,
that is,

0<P<oo (2.14)

Example 2.7 Power of a sinusoid
Let a voltage signal v(f) = A cos 2xfot volts be applied across a resistive load R = 1 Q. The
average (normalized) power in watts delivered to the load is

.1 (T )
P= TlgrolcﬁJJ (A cos 2zfyt)~de

2 ¢T
= lim —J (1 4 cos4nfyt)dt
- (2.15)

A? + lim A (sindafT  sindzfoT
2 T—00dT 4ty 4zt
A% A% . sindafyT  A?
=—+4+—=lim ————=—
2 T 27 4nfoT 2
Therefore, v(¢) = A cos 2zfyt is a power signal.
L]
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The energy in joules of a voltage signal v(¢) in volts is given by
E= J lv(t)|*de (2.16)

A signal v(?) is called an energy signal if and only if its energy is non-zero and finite,
that is,

0<E< (2.17)

Example 2.8 Energy of a sinusoid
The power signal in Example 2.7 has infinite energy, as proved below:

E= J (4 cos 2xfyt)*dt

(2.18)

0 A2
J 7(1+cos47rfot) dr = o0

—00

The above two examples show that a power signal has infinite energy. In the next two
examples we investigate some additional energy signals.

Example 2.9 Energy and power of antipodal signals

Consider the digital signals s(f) =4, iT, <t < (i+1)T}, and s,(¢)= —4, iT, < t<(i+1)T}, as
given in Example 2.3. The energy E}, of these two signals, commonly referred to as the bit
energy, can be calculated as follows:

f 00 (i+ 1T
E, = J (£4)2dr = J A*dt = APT, (2.19)

—00 iTy

The energy of s,(f) and the energy of s,(¢) satisfy (2.17), hence both signals are energy
signals. However, the average power of these two signals is zero, as shown below:

1 (T 5 1 (G+DT
P = lim —J (£4)°dt = lim —J A*dt
T~>OO2T -T THOOZT iT/
: (2.20)
1 2
~ et
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Example 2.10 Energy and power of PSK signals
Considerthe PSK signals s; () = 4 cos 2xf.t,iT, <t<(i+1)Tpands, () = —A4 cos2xf.t,iT, <
t<(i+ 1)T, shown in Example 2.4. Again, we can calculate the energy E}, of s1(¢) or s,(¥) as follows:

E, = J (4 cos 2xf.t) dt

(0T /2 42
= J (— + —cos 47rfct) dr
i) 202 (2.21)

7A2Tb Asz Si1’14ﬂfc(l‘+ I)Tb sin47thin
) 2 4. T, 4nf.T,

In practice, the frequency f; is normally chosen to be much greater than 1/7}. Thus, the
second term on the right-hand side of (2.21) is very small compared to the first term, and £,
is approximately equal to

2
T,
Ey~2 2t (2.22)
2
When f; is selected to be an integer multiple of 1/7}, that is,
k
= 2.23
=1 (2.23)
where £ is a positive integer, then, the second term on the right-hand side of (2.21) is zero and
AT,
E, = Tb (2.24)

Itis noted that E, in (2.21) satisfies (2.17), hence s,(¢) and s,(¢) are both energy signals. It can
be shown that the average power of both s,(¢) and s,(¢) is zero.
]

From the above examples we observe that a power signal has infinite energy and an energy
signal has zero average power. This is true for practical signals employed in both digital and
analog communication systems. It is quite obvious that any transmitted signal must be a power
signal because the transmitter can only have finite power. But, over an infinite time, such a
power signal must have infinite energy since energy is a product of power and time.

In a digital communication system, data bits or symbols represented by associated digital
signals are transmitted sequentially in time. The sequence of digital signals must therefore
be a power signal due to the finite transmitted power. Although a single digital signal must
have zero average power, an infinite sequence of signals turns out to have finite power. The
next example discusses the energy—power relationship.

Example 2.11 Power of an infinite sequence of PSK signals
Consider an infinite sequence of digital signals that represents a set of integers. Let
s1(¢) = x(t — iTp) = A cos 2xf.t, iTp < t<(i+ 1)T} for even i, represents even integers
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p(t—iT},)

i,  (+DT,

Unit amplitude pulse of duration T

and s(¢) = x(¢ — iTp) = —A cos 2xaf.t = Acos(2xf.t + x), iT, < ¢t < (i+1)T, for
odd i, represents odd integers. We can write the sequence as one composite signal as

follows:
s(t) = zw: x(¢t — iTp)
e (2.25)
=4 (=1)'p(t — iTy) cos 2xf.t

i=—00

where p(t — iT}) is a pulse of unit amplitude and duration 7}, as shown in Figure 2.8

. 1, Ty, <t<(i+ 1T
p(t—ily) = {0 ' other(wise T (2.26)
The average power of s(¢) is given by (2.13):
(",
P= lim —
TI—I»IOIOZTJ,TS (¢) dt
) (2.27)
) 1 T 5 [e'] ; .
= TlgroloﬁJ,TA [,_ZOC (=1)'p(t— lTb)COSZEfCtl dt

Since the pulses p(¢—hT}) and p(t—iT}) do not overlap for i # A, the cross-terms that involve
the product p(t—hTy) p(t—iT}) are all zeros, and (2.27) reduces to

AZ T 00 . 5
P = lim —J p (¢t —iT)cos™ 2xf.t| dt
fimar) | 2o i

i=—00

AZ T
= lim ﬁj cos? 2xf.t dt

fmeeali)r (2.28)
AZ T
= TILHC}QELT (1 4 cos 4xf.t)dt
AZ
2

The last two lines of (2.28) follow (2.15). From (2.22) and (2.24), we have the following
relationship between the energy of the digital signals s,(f) and s,(#) and their associated
sequence s(f) in (2.25):
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or
E, = PT, (2.30)

when the product nf.T} is a positive integer.
(]

Example 2.11 shows that although the infinite sequence s(7) of digital signals has finite
average power, its component digital signal must have zero average power. If its component
digital signal has finite power, an infinite number of them would result in a sequence s(7)
possessing infinite power. The concept can be made simpler by the following example.

Example 2.12 Power of a finite sequence of PSK signals

Instead of using the power averaged over infinite time, we can employ the power
averaged over finite time. Let P(T) be the power of a voltage signal v(¢) averaged over
the finite time T:

1 T
P(T) = ﬁJ,T VA (1)dt (2.31)

Now consider the sequence s(7) in (2.25). For simplicity let f. = k/T},, where k is a positive
integer. By using the definition of power in (2.31) and choosing T = nT},, where n is a
positive integer, we can calculate the power of s(¢) as follows:

A*> A% [sindxf.T A A?* (sindrnk
Py =144 sin 4z, _ A" A" [sindmn
2 2\ 4T 2 2 Axnk
(2.32)
A2
2

Similarly, the power of the digital signal s;(f) = Ap(t — iT}) cos 2xf.t or s5(f) = —Ap(t — iT})
cos 2xf.t averaged over 27 = 2nT,, > 4(i+ 1)T} is

1 T
Py(T) = —J A*[p*(t — iTy) cos® 2xf.t] dt
2T )
AZ (i+1)T;
- 7} (1 + cosdre) di (2:33)
4T iD,
AT,
TAT
Substituting 7= nT}, into (2.33) we get
A2
Py(T) = — (2.34)
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Since there are 2n non-overlapping signals s(¢) and s,(7) in the interval 27, it is obvious that
P(T) =2nPy(T) (2.35)

In practice, (2.31) is used in laboratory instruments to measure power averaged over a
finite time. This is also true for other average quantities, such as dc value and rms value.
[

2.3 Orthogonal signals
- |

Orthogonal signals are employed in many modern communication systems. Two signals x(#)
and y(7) are said to be orthogonal over the interval (a, b) if their inner product is zero, that s,

b
J x()y (1) dt=0 (2.36)
where y*(¢) is the complex conjugate of y(7). If, in addition, the energy of each signal defined
over the interval (a, b) is unity, that is,

b b
Ex:J x(OPdt = 1, E, = J ()Pt =1 2.37)

then the two signals are said to be orthonormal. A set of signals {x; (f)} is said to be
orthogonal (orthonormal) if each pair of signals in the set is orthogonal (orthonormal).
Conditions (2.36) and (2.37) can be relaxed to include quasi-orthogonal (quasi-
orthonormal) signals. Two signals x(f) and y(f) are said to be quasi-orthogonal over
the interval (a, b) if their inner product is much less than the energy of each signal, that is,

b
J x(t)y*(t) dt < Ex = E, (2.38)
In addition, if

E. ~ E, =1 (2.39)

then the two signals are said to be quasi-orthonormal. A set of signals {x; (£)} is said to be
quasi-orthogonal (quasi-orthonormal) if each pair of signals in the set is quasi-orthogonal
(quasi-orthonormal).

Example 2.13 Orthonormal sinusoids with identical frequency

Consider two sinusoidal signals x(¢) = /2/Ty cos 2znfot and y(t) = +/2/Tp sin 2znfyt,
where n = 1,2,..., and Ty = 1/fy. Substituting x(¢) and y(¢) into (2.36) with ¢ = 0 and
b = Ty we have
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Ty

Top 1
J —cos 2znfot sin 2znfyt dt = — J sin 4znfyt dt
o To To Jo

(2.40)
_ 1 [ cos 4xnfot T°_ 0
T drnfy ),
Furthermore, applying (2.37) we obtain the energy of x(¢) and y(¢), defined over (0, T) as
follows:
To 2 To 2
E= J —cos? 2znfyrdt = J — sin® 2znfyt dt
o To o To
1 (2.41)

T() TO
J (1 + cos 4znfyt) dt = LJ (1 — cos 4rnfyt) dt
0

_70 0 To

=1

Thus, the two signals x(¢) and y(¢) are orthonormal over (0, Tp).
L]

The above example shows that two sinusoidal signals with a relative phase difference of
7/2 radians are orthogonal over an integer multiple of their period 1/nfy = To/n. In
practice, the frequency of the sinusoidal signals might not be an integer multiple of 1/7.
In other words, n is not a positive integer but a positive real number. In this case the energy
E, of x(¢) and the energy E, of y(¢) as calculated in (2.41) become

in 4
E =1+ 2% (2.422)
47n
sin 4zn
E,=1- A 2.42b
7 47n ( )
for a large n. Also from (2.40) we have for a large n:
T o 1 (%
J —cos 2xnfyt sin 2xnfyt dt = —J sin 4znfyt dt
o To ToJo
. 1 cos 47l'}’lﬁ)t To (243)
- T() 47tnﬁ) 0
1 — cos 4nn
=—x1

4rn

Thus, the two signals x(¢) and y(¢) have near unity energy and their inner product is much
smaller than unity. In this case they are quasi-orthonormal.

Example 2.14 Orthonormal sinusoids with different frequencies
Consider the set of sinusoidal signals {x,(¢)}, n = 1,2, ..., where x,(¢) is given by
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s
AVRR

FSK representation of two consecutive and different bits.

2 1
Xn(t) = /= cos (2znfot + 0,), To=— (2.44)
Ty fo
Substituting a pair of signals x;(¢) and x,,(¢) with & # m into (2.36) and setting ¢ = 0 and
b = Ty yields

Ty

To 2
J X (O)x,(t) dt = J Fcos(2nkﬁ)t + 0)) cos(2xmfot + 0,,) dt
0 o 1o

To
= TLJ {cos[2x(k — m)fot + O — O] (2.45)

0Jo
+ cos2x(k + m)fot + O + 6,,] }dt
=0
Furthermore, it can be seen that the energy of each signal x; (¢) and x,,(¢) is unity by applying

(2.37). Thus, the set of sinusoidal signals {x,(¢)} is orthonormal over (0, Tp).
n

The signals in (2.45) are often employed to represent data bits or symbols. For example,
two adjacent signals x,(¢) and x,+1(¢) can be used to represent bit 0 and bit 1, respectively.
The parameter Ty is set to be the bit time 7. Note that the frequencies of the two signals
are separated by fo = 1/To = 1/T,, which is also the bit rate. This is the minimum
frequency spacing between x,(¢) and x,.;(¢). This modulation technique is referred to
as binary frequency shift keying or simply FSK (also referred to as BFSK or 2FSK in the
literature). In another example, M = 2* adjacent signals, x,,(¢), X,41(¢), -, Xs10(t), can
be used to represent M symbols. In this case the parameter 7 is set to be the symbol
time 7,. The adjacent frequencies are separated by the minimum frequency spacing
Jo=1/Ty = 1/T,, which is also the symbol rate. This is called M-ary frequency shift
keying or simply MFSK. Figure 2.9 illustrates an FSK representation of two consecutive
bits 0 and 1.

Example 2.15 Continuous-phase orthonormal sinusoids with minimum frequency spacing
Consider two sinusoidal signals x,, ;(¢) and x,,41 ;(¢) defined over the interval (iTp, (i + 1) 7o)
as follows:
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Xni(t) = \/—Tzocos [anfo(t — iTo) + O] (2.46)
Xni1,i(t) = \/%cos[ (z(n 4 Dfo(t = iTo) + Ony1.i] (2.47)

wheren =2,3,...,Ty = 1/f;,and 0, ; and 6, ; are the initial phases of x,, ;(¢) and x,,1 ;(¢) at
time ¢t = iTp, respectively. Note that the minimum frequency spacing between these two signals
is fo/2. Applying these two signals to (2.36) over the interval (iTy, (i + 1)7,) we get

(i+1)Ty
J X i (8)Xns1,:(2) dt

iTy

G
= FJ {cos(nfot + mi + Opr1i — On,)
0Jir,
+cos[z(2n + 1) fo(t — iTo) + On; + Opir 4] }dt

1 {sin(ﬂfot + i+ Opy1; — Oni)

To fo (2.48)
sinfr(2n+ 1) folt = iTo) + O + QnH’iq (+1)Ty
71'(2” + 1) 0 i
_1 <sin(2ﬂi A i1y — On) — SINQR7i + Opir; — O,))
sin((2n + 1)@ + 6, + Opr1) — Sin(Bn; + Opt1 )
+ )
z(2n+ 1)fy

The result in (2.48) shows that the two signals are not orthogonal unless the following

conditions are satisfied:
9;1+1,i — Opi =k (2493)

0n+l,i + 0, =mn (249b)

where k and m are integers. This implies that 6, ; and 6,1 ; must be an integer multiple of z
radians. In practice, it is difficult to force the phases of two sinusoidal signals at different
frequencies to satisfy (2.49). It can be seen that the second term of the last equation in (2.48)
is much smaller than the first term. Thus, when only (2.49a) is required to be satisfied, then
the first term reduces zero. Furthermore, for a large #, the second term is much smaller than
unity. Condition (2.49a) can be implemented in practice since it requires only the phase
difference to be an integer multiple of 7 radians. It is easy to verify that the energy of the
signals is unity via (2.37). In this case, the signals x,,;(¢) and x,41(¢) are said to be quasi-
orthonormal over the interval (iTp, (i + 1)Tp).

Now consider two signals x,;_;(f) and x,.;(f) in two consecutive intervals
((i = 1)T0,iTy) and (iTy, (i + 1)Tp). At time ¢ = iT, the phase of x,,;_(¢) 18 7n + 6,1,
and the phase of x,,11 ;(¢) 18 6,41, It is seen that if the phases of the two signals are forced to
be continuous at the transition time ¢ = iTy, that is, zn + 6,;_1 = 0,41, then the phase
difference 0,11 ; — 0,1 must be an integer multiple of 7 radians. This is the same condition
as (2.49a). The same result holds if the roles of the signals are reversed.
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A AN
VATAR!

MSK representation of two consecutive and different bits.

Equations (2.46) and (2.47) can be used to represent binary data by selecting 7 to be the
bit interval T}, and 6, ; = 0,41 ;. This signaling or modulation technique is called minimum
shift keying or simply MSK. It has the minimum frequency spacing of fo /2 = 1/2T}, which
is half the bit rate. Furthermore, the phase at the bit transition time is continuous and the
signals are orthonormal. Figure 2.10 shows the MSK representation of two consecutive bits
Oand 1.

[

In the three examples above, orthogonal sinusoids were investigated. In the following
discussion other orthogonals signals called Walsh functions will be studied. The Walsh
functions can be obtained from the Hadamard matrix, which can be generated by means of
the following recursive procedure:

_ _ (1 _ |Hup Huyp
H =1 Hz—{l _1} HM_[HM/Z e (2.50)

where M is a power of two. For example, the Hadamard matrix of order 4 is

1111
1 -1 1 -1

L T T @31)
-1 -1 1

Note that the row vectors of the Hadamard matrix are mutually orthogonal, that is, hl-h]’. =0
where h; is the ith row vector and h; is the jth column vector of Hy,.
The Walsh functions of M chips are given as follows:

M
wat) = Y hup(t — (i—1DT.), n=1,2,.,.M (2.52)
i=1

where T, is the chip time, p(t — (i — 1)T.) is a pulse of unit amplitude and duration T,
(i—1)T. < t <iT., and h,; is the element (n,i) of Hy,. Since Walsh functions are formed
from the orthogonal row vectors of the Hadamard matrix, they are also mutually orthog-
onal. A normalization constant 1/4/MT, can be used in the Walsh functions to form an
orthonormal set. The orthonormality of Walsh functions can be verified by using (2.36)
and (2.37).
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wy () w3(1)

w, (1) wy()

c

4-ary Walsh functions of four chips.

Example 2.16 4-ary Walsh functions
If we let M = 4 in (2.52), we obtain the set of four Walsh functions, each function having
four chips, as follows:

Zh,,,p (i—DT,), n=1,2,3,4 (2.53)

Figure 2.11 shows these four Walsh functions.
]

Another extension of the Walsh functions referred to as the sinusoidal Walsh functions is
defined as follows:

wa(t thp (i — 1)T.)cos2afot, n=1,2,....2n (2.54)

where f. = m/T, and m is a positive integer. It can be verified that the sinusoidal Walsh
functions form an orthogonal set by using (2.36). A normalization constant 1//MT, /2 can
be used in the sinusoidal Walsh functions to form an orthonormal set.

The Walsh functions and the sinusoidal Walsh functions can be used to represent M = 2%
k-bit symbols. The cellular standard IS-95 employs 64-chip Walsh functions in both
forward (base station-to-mobile) and reverse (mobile-to-base station) channels.

Example 2.17 4-ary sinusoidal Walsh functions

If we let M = 4 in (2.54), we obtain four sinusoidal Walsh functions, each with four chips.
Figure 2.12 shows these functions with f. = 2/T,. Note the phase change of 7 radians at the
chip transition time.

(]
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‘m 4-ary sinusoidal Walsh functions with four-chip duration.
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2.4 Signal space

In the analysis of digital communication systems it is often convenient to represent a set of
finite-energy digital signals by a corresponding set of vecfors. Each vector represents a
digital signal; thus the time dependency can be removed. These vectors define a signal
space. To obtain the signal vectors, each digital signal must be represented by an orthogonal
series in terms of the basis functions. This orthogonalization process can be achieved by
means of the Gram—Schmidt procedure.

Gram-Schmidt procedure

Let s{?), i = 1, 2, ..., M be a set of real-valued signals with corresponding finite
energies E;. In terms of representation, each signal in the set can be expressed as a linear
combination of L orthonormal basis functions x;(t), k = 1, 2, ..., L, where L < M.
When the signals s{#), i = 1, 2, ..., M form a linearly independent set, then L = M. We
have
L
silt) = suxi(t) (2.55)
k=1

where the coefficients of the series expansion are defined by

s = Jm si(0)e(0) dt (2.56)

—00
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The orthonormal basis functions can be obtained by means of the following recursive

procedure:
0 j{: i?(t) —- S&g (2.57)

x(0) = Jﬁ () =s2(0) — s (1) (.5%)

W)= B0 s =Y s, k<L @259)

A/ J‘fcocf}cz(t)dt ’ m=1

Signal vectors

From the Gram—Schmidt procedure we observe that for each orthonormal basis function
x(f) there is a corresponding orthonormal basis vector Xy:

1 0 0
0 1 0
. 0 .
X = , Xp = s eeey, X = (260)
0 0 1

The set of orthonormal basis vectors x; spans an L-dimentional Euclidean signal space. In this
signal space we observe that each signal 5,() is completely determined by the signal vector s;:

Sil
Si2
L
§i = ' :Zsikxlm izlazv"'7M (261)
’ k=1
SiL

We may visualize the set of M signal vectors as defining a set of M points in the signal space
with L mutually perpendicular axes labeled x;, X, ..., X;. The signal vector contains all the
information such as energy and relative phase shift or orthogonality needed to analyze the
performance of the signal.

The energy of a signal turns out to be the squared length or squared norm of its signal
vector as shown below. First consider the length or norm of a signal vector s; of the signal
s,(f), defined as

(2.62)
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Now consider the signal energy E;, evaluated with the help of (2.55):

E; = JOC S%(f) dt = JOO Zzsiksimxk(t)xm(t) de

X k=1 m=1

(2.63)

The last expression on the right-hand side of (2.63) results from the fact that x,(¢) and x,,,(¢)
form a pair of orthonormal functions, and therefore

°° 1, k=
J X4 (1) (7)dt = { 0 k2 " (2.64)
Comparing (2.63) and (2.62) we obtain
Ei = s (2.65)

Another useful quantity for signal analysis is the Euclidean distance between the two signal
vectors:

(2.66)

lsi = sill =

The Euclidean distance indicates the degree of separation between two signals in the signal
space.

Example 2.18 Signal space of antipodal signals

Consider the set of two antipodal signals s;(¢) = Ap(¢t — iTy) and s2(¢) = —Ap(t — iTp),
where p(t — iT}) is defined in (2.26). The signal energy is £y = E; = Ej, = A>T},. From the
Gram—Schmidt procedure we obtain

x(f) = At —iTy) =

VE

(t—iTp) = (t —iTp) (2.67)

A 1
p a4
\/Asz VTb

Furthermore,

sy = JOO s1(0 (O)dt = Jm Up(t — iT,)] {Lp(t— in)]dt

N - VT (2.68)
=A\/T,
$21 = J_Oo sa(t)xi(e)de = J_oo [—Ap(t — iT})] L/pr(t - lTb)} ds (2.69)

— VT,

Substituting (2.67) and (2.69) into (2.58) we have
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- X

~VE, 0 JVE,

Signal space of antipodal signals.

_A\/T—bp(t —iT)) =0 (2.70)

VT

In addition, we also get s1, = 505 = 0. Thus, the signal space is a one-dimensional space.
The signal vectors are given by

s1 = [AVTh) = [VE) = VE»xi 2.71)
52 = [~AVT) = [-VE)] = —VEpxi (2.72)

It is seen that the signal energy is equal to the squared length of the signal vector. The
Euclidean distance between the two signal vectors is given by

xp(¢) = —Ap(t — iTp) —

[s1 = 2/l = 2V/Ep (2.73)
The signal space for the set of antipodal signals is given in Figure 2.13.

Example 2.19 Signal space of PSK signals

Consider the set of PSK signals s1(¢) = A4 cos2zf.t and s,(¢) = —A4 cos 2xf.t defined over
the bit time (T}, (i + 1)Tp), where i is an arbitrary integer and the frequency f; is an integer
multiple of the bit rate 1/7},. The signal energy is E; = E, = Ej, = A>T} /2. From (2.57) and
(2.58) we obtain

xi(t) = \/% cos 2mf.t (2.74)

x() =0 (2.75)

By using (2.56) the coefficients of the signal vector can be calculated as follows:

T T
S11 :A\lfb y o sp=0, s =- \/7b7 52 =0 (2.76)

Thus the signal space is a one-dimensional space. The signal vectors are given by

51 =[AVT/2) = VE] = VExi .77
52 = [~AVT/2] = [-VE] = —VEyxi (2.78)
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It is seen that the signal energy is equal to the squared length of the signal vector. The
Euclidean distance between the two signal vectors is given by

[s1 — 82/l = 2+/Ep (2.79)

The signal space of PSK signals is therefore identical with that of the antipodal signals given
in Figure 2.13, although their waveforms differ.
[

For many digital signal sets, the orthonormal basis functions and the signal vectors can be
found by inspection without going through the Gram—Schmidt procedure. The following
example illustrates this.

Example 2.20 Signal space of FSK signals
Consider the set of two FSK signals s;(#) = 4 cos 2afit and s,(¢) = A cos 2xfat defined
over the bit time (T, (i + 1)7}), where i is an arbitrary integer and the frequencies f; and f;
are integer multiples of the bit rate 1/7}. The minimum frequency spacing is equal to the bit
rate |fi — f2| = 1/T}. Thus, from the result in Example 2.14, the signals s,(¢) and s,(¢) are
orthogonal. We can write them as follows:

7’7[\/% cos 27tf1t} = A\/?xl(f) = VEyx (1) (2.80)
s2(t) =4 7{\/% cos Znﬁt} = A\/gxz(t) = VEpxa(t) (2.81)

where Ej, = A>T}, /2 is the signal energy, and the two functions x; (¢) = \/2/T} cos 2xfit
and x,(f) = /2/Tp cos 2zfot form a set of orthonormal functions over the
interval (iTp, (i + 1)T}). The signal vectors are displayed in Figure 2.14 and given as
follows:

~

Sl(t) =4

NE

0 E,

FSK signal space.
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N |:\/(_)E‘b:| = E}, X1 (282)
0
S = |:\/Efb:| = Eb X (283)

The Euclidean distance between the two signal vectors is given by

[s1 —s2ll = /2E} (2.84)

Example 2.21 Signal space of MPSK signals
Consider the set of MPSK signals given in (2.9) for M > 2. The signals are defined over the
symbol time (iTy, (i + 1)7):

su(t) = 4 cos(27zfct+(2n—l)%), n=1,2,.,M (2.85)

The frequency f. is assumed to be an integer multiple of the symbol rate 1/7;. Expanding
(2.85) we obtain

su(t) = Acos {(Zn - 1)}%} cos 2xf.t — Asin {(Zn - 1)%} sin 27f.t (2.86)
su(t) = 4 ?‘Ycos (2n — 1)%} [\/%cos 27rfct]
- 4 Essin{(Zn - 1)%} [\/zsin 27rfct] (2.87)

— /E, cos|(2n — 1)]‘14] x(f) + msin[(zn - 1)}%} w(f)

where E; = 42T, /2 is the signal energy, and the two functions x;(¢) = +/2/T; cos 2xf.t
and x(t) = —+/2/T; sin 2xf.t form a set of orthonormal functions over the symbol time
(iTy, (i + 1)Ty). The signal vectors are given as follows:

VEs cos{(Zn - 1)%}
VE; sin[(zn - 1)]%] (2.88)
= \/Ecos{(h— I)AEA X1 + VEs sin{(Zn - 1)}%} Xo

S, =

Thus the MPSK signal space is a two-dimensional space. The Euclidean distance between
the two adjacent MPSK signals is given by
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/\/E Xl

QPSK signal space.

I = sull = ( [V cos[(at = 1) 7] = VEecos[em 1) 7] |
21\ 12
+[\/Esm{(2k_l } \/»sm{ (2m = 1) M”) (2.89)
= (2ES —2E; [cos{(Zk — I)A—A cos[(Zm -1)—

il
sm[(Zk - I)M] sin[(Zm — 1)%”)1/2

Consequently,

I8k — sl = \/2E {1 —cos(k — m)iﬂ (2.90)

The Euclidean distance between two adjacent MPSK signal vectors corresponds to the case
of |k —m| = 1, that is,

2 . T
6 = si—1ll = [l — sl = \/2Es<1 - COSH) =2V Egsin 2.91)

Figures 2.15 and 2.16 show the signal spaces of QPSK and 8PSK, respectively.
[

From Examples 2.18 and 2.19 we observe that antipodal signals and PSK signals have the
identical signal space. Therefore, these two sets of signals must have the same noise
performance. From Examples 2.19 and 2.20 it is seen that PSK has a larger Euclidean
distance than FSK. It turns out that a larger Euclidean distance corresponds to a better noise
performance. A PSK signal is less likely to be mistaken by the other PSK signal in noise than
its FSK counterpart.
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X

8PSK signal space.

2.5 Linear time-invariant systems

Many physical communication systems are linear time-invariant (LTI) and can be easily
analyzed in detail. A system is time-invariant if a time shift in the input signal causes the
same time shift in the output signal. Specifically, if y(¢) is the output of a continuous-time LTI
system when x(¢) is the input, then y(t — #;) is the output when x(z — #;) is the input. In a
discrete-time LTI system with y(n) the output when x(n) is the input, then y(n — ng) is the
output when x(n — ng) is the input.

Example 2.22 Time-invariant system
Consider the output voltage v(¢) at time ¢ across a resistor with resistance R and input current
i(#). The output voltage v(7) is given by

v(t) = Ri(¢) (2.92)

Now consider a second input obtained by shifting i(¢) by #, that is, i(¢ — #y). The corres-
ponding output v;(?) is

vi(t) = Ri(t —to) = v(t — tp) (2.93)

Hence the system is time-invariant.
[

Example 2.23 Time-varying system
(a) Consider the discrete-time system

y(n) =x(n)—x(n—-1) (2.94)
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It is seen that by applying the shifted input x(n — ng) — x((n — ng) — 1) we get the output
y(n) as

H(n) = x(n=no) —x((n = ny) = 1)

2.9
= y(n — ny) 2.95)

Thus this is a linear time-invariant system.
(b) Now consider the discrete-time system

y(n) = nx(n) (2.96)

By applying the shifted input x(n — ny) we get

$(n) = nx(n — no) 2.97)
On the other hand,
y(n = no) = (n — no) x(n — ny) (2.98)
Thus
P(n) # y(n — no) (2.99)

Hence this system is time-varying.
[

A system is linear if the response to the input

X= @ =apx; + a4 (2.100)
k
is
Y= @y =ay +ay, + - (2.101)
k

where y;, k=1,2, ..., istheresponse tox;, k=1,2, .... Equations (2.100) and (2.101) hold
for both continuous-time and discrete-time systems.

2.6 Convolution

The output of a continuous-time LTI system can be expressed in terms of the input x(f) and
the impulse response /(%) as a convolution integral:

o)

y(t) =x(t) x h(t) = J x(t)h(t — 1) dr
7 (2.102)

_ r h(e) x(t — 1)dr = h(t) * x(1)

—00
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x(7) h(T) h(=7)
1 1 1
-
0 T i o 1 T o
(a) (b) ()
h(t—T7) h(t—T7) h(t—T)
| 0<t<T T<t<2T t<0
1 1
—T 0t i 0T 1 ~T ¢ 0

(d) (e) ()

x(z) and h(t — ) for different values of t.

For a discrete-time system, the convolution integral in (2.102) becomes the convolution
sum

o0

y(n) =x(n) xh(n) = > x(k)h(n — k) = i h(k)x(n — k) (2.103)

k=—00 k=—00

Example 2.24 Convolution
Let us verify (2.102) by means of a substitution of variables. If we let A =1¢— 17 or,
equivalently, 7 = ¢ — 4, (2.102) becomes

y(t) = ro x(t —A)h(A)dA = h(r) *x(¢) (2.104)

—00

Example 2.25 Convolution of two squared pulses
Let x(#) be the input to an LTI system with impulse response /(f), where x(¢) and 4(f) are both
unit amplitude squared pulses of duration T defined in (2.26):

1, 0<¢<T

x(t) = h(r) = {0, otherwise (2.103)

Figure 2.17 depicts the evaluation of the output y(f) as a convolution of x(¢) and A(?). It is
seen that the product of x(z) and A(¢z — 7) is zero for £ <0, and for ¢ > 2T. For 0 < ¢<T the
value of the productis 1 in 0 < 7 < ¢:
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(1)

Response y(t).

y(t) = J x(t)h(t —7)de = J dr =1, 0<t<T (2.106)

For T < ¢t < 2T the value of the productis l int — T <t < T
y(t):J de=2T — 1, T <t<2T (2.107)
T

The function y(¢) is shown in Figure 2.18.
[

2.7 Fourier series of continuous-time periodic signals
|

In the analysis of signals and LTI systems, it is often useful to represent an input
signal as a linear combination of basis functions, as in (2.100). One famous re-
presentation is the Fourier series, which employs periodic complex exponentials as
basis functions to represent periodic signals. The periodic fundamental complex
exponential is

x1(t) = ! (2.108)
It is easy to see that x;(t + T) = x1(¢), where T, = 1/f, as shown below:

X1 (t + To) = eizﬁfb(t""TO) — eizﬂfot-‘rjzn

. 2.109
_ e]erﬁ)t =x (t) ( )

The period of x(¢) is Ty. Associated with x;(¢) is an infinite set of periodic harmonic
components:
xi(t) = 2™t k=0, +1, £2, ... (2.110)

The period of the kth harmonic x(¢) is To/k and its frequency is kfy. It is obvious that x(7) is
also periodic with period T, as seen below:
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x(t)

1 1 t
~Ty 7,07, To
2 2

Periodic pulse signal.

xXi(t + Ty) = 2e(+T) — gf2nkfor-2mk

— ej27r/?f0t _ .Xk(f) (2111)

Furthermore, a linear combination x(#) of the harmonics xi(¢) is also periodic with
period Ty:

[o.¢]
xX(t) = ) ape™ 2.112)
k=—c0
a; = iJ x(t)e gy (2.113)
To Jo

The representation of a periodic signal x(¢) in the form of (2.112) is termed the Fourier series
representation. By multiplying both sides of (2.112) by e 2™’ and integrating from 0 to T,
we obtain the complex Fourier series coefficient a; in (2.113).

We note that the coefficient ay is given by

To
agp :LJ x(¢)de (2.114)
To Jo

Thus, ag represents the average value (dc value) of x(#) averaged over one period 7. The
other a;, coefficients represent the portion of x(f) in each harmonic component. Specifically,
the magnitude |a,| of the complex Fourier series coefficient ay, is the amplitude of the kth
harmonic component of x(z).

Example 2.26 Periodic pulse signal
Consider the periodic pulse signal x(¢) with period Ty = 1/fy and pulse width T, < T, as
shown in Figure 2.19.

Using (2.13) we can evaluate the complex Fourier series coefficient gy as follows:

1 %o 1 (%o/2 1 (%/? AT
@ :_J Adt:—J Adt:—J ade=p (2.115)
0 Ty —To/2 0J-1,/2 Ty
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g
&
2V 01 MY To
L, T, T,T,T,

Fourier series coefficients and their envelope, for Ty = 275.

1 To/2 . 1 T,/2 . —A4 . .
a J A eﬂant/To dt = _J A eﬂZirkt/To dt = efyrkTp/To _ e]nkTp/Tg
~T,/2 ]27[

) —Ty/2 Ty

:AWWJTP(SW‘W) k0 (2.116)

wk Ty \ mkT,/To

The Fourier series coefficients in this case are real and assume the form of the well-known
function (sin u)/u. Figure 2.20 shows a plot of a; as a function of the discrete-frequency
kfo = k/Tp, together with their envelope, for Ty = 27,.

n

Parseval relation for periodic signals

The Parsevals relation states that the average power in a periodic signal equals the sum of
the average power in all of its harmonic components. The relation can be proved by using the
definition of average power in (2.13) and letting the time interval 7 be an integer multiple of
the period Ty, that is, T = nTj:

1 nTo/2 ) n To/2 ) 1 To/2 )
P = lim —J x(0) dt = lim —J x(0)? dr :—J x(0) dr
n—=oonTo ) 7, 2 n—oonTo J_r, 1 To ) 12

: JTO (t) *(t) dr ! JTO (l) i *eij”kﬁ]l dz i * 1 JTO (t)e—jzn:kf(,t dr
=7 X(1)x = 7 X a = a, — X
TO TO 0 k k TO 0

0 k=—00 k=—00

=Y aqa=> |ag | (2.117)

k=—00 k=—o00
Note that |a;|* is the average power in the kth harmonic component a;e2™0! of x(7).

Unit step and unit impulse functions

Two functions that play important roles in signal analysis are the unit step and the unit
impulse functions. The unit step function is defined as
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u(t)
1
t
0
The unit step function.
(1) 5 (t—1g)
I [ t
0 )
The unit impulse function.
0, <0
u(t){ L >0 (2.118)
and is shown in Figure 2.21.
The unit impulse function is defined as
00, z=
o(z) = { 0, z40 (2.119)
and
[ o(z)dz=1 (2.120)

The variable z can be time or frequency depending on the application. The unit impulse
function has the following properties:

J: x(2)6(2) dz = x(0) (2.121)
r;o x(2)8(z — 20) dz = x(z0) (2.122)
x(2)8(z — z0) = x(20)3(z — 20) (2.123)
5(t) = dzy) (2.124)

u(t) = Jtoc 5(z) dz (2.125)

Figure 2.22 shows the unit impulse as a function of time at location # = 0 and ¢ = .
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S{f)
_2_ 10112 !
T, » LI, T,

Power spectral density and corresponding envelope.

Power spectral density

From (2.117) we may define the power spectral density or power spectrum S,(f) of a
periodic signal x(#) as a function of the frequency £, the total area under the graph of which
yields the average power of the signal, that is,

P= JOO Se(f) df (2.126)

Combining (2.117) and (2.126) we obtain the power spectral density as an infinite series of
impulses occurring at the harmonically related frequencies, and for which the area of the
impulse at the kth harmonic frequency kf is |ax|*:

S{(f) = > lalPo(f — ko) = Y |ak25(f—%) (2.127)

k=—00 k=—00

Figure 2.23 shows the power spectral density S, (f), and its envelope, of the periodic pulse
signal in Example 2.26.

From (2.127) we observe that the power spectral density of a real-valued periodic signal is
a nonnegative real-valued and even function of frequency, that is,

S:(f)>0, for all f (2.128)

Se(=f) = 8:(f) (2.129)

A signal with a power spectral density concentrated around the zero frequency is referred to
as a baseband or lowpass signal. This definition applies to power signals that include
periodic signals. The periodic pulse signal in Example 2.26 is a baseband signal.

Bandwidth

The power spectral density allows us to determine the frequency range that contains most of
the power of the signal. The positive part of this frequency range denoted as B is loosely
defined as the bandwidth of the signal. For example, the frequency range —B < f < B that
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contains most of the power of the periodic pulse signal shown in Figure 2.23 is the main
lobe. This is called the first-null bandwidth, and is equal to B = 1/T,. It is seen that a
narrower pulse width 7}, results in a wider first-null bandwidth.

Frequency shifting property

This property plays an important role in the analysis of signals with dominant higher harmonic
components. Let x(¢) be a periodic signal with period Ty = 1/fo, and y(¢) be defined as

y(t) = x(t) 7" = x(r) ™! (2.130)
where the shifting frequency f. = nf, and n is a positive integer. We observe that

y(t+ To) = x(t + Tp) e2™l1+7T0)

. 2.131
= x(1) & = (1) 2130

Therefore, y(¢) is also periodic with period 7. The Fourier series representation of y(f) is
given by

y(t) = bl (2.132)
k=—00
1 (T ‘
b :FJ y(t)e 2! d (2.133)
0J0

Substituting (2.130) into (2.133) we have

1 (P .
by = TOJ x(1) e V2=t g4 (2.134)
0

The right-hand side of (2.134) is just a;_, as viewed from (2.113). Thus
bk = dj—p (2135)

In other words, b,_; = a_1, b,11 = a1, b, = ay, and so on. Hence, the harmonic compo-
nents of y(¢) are simply the harmonic components of x(#) shifted in frequency by f. = nf.
Similarly, the Fourier series coefficients of the signal

y(t) = x(t) e Vel = x(1) e V2! (2.136)
is given by

bk = Qk+n (2137)

Example 2.27 Periodic sinusoidal pulse signals

Consider the periodic sinusoidal pulse sequence y(f) shown in Figure 2.24. The pulse
repetition period is Ty = 1/f; and the pulse width is 7, <Tj. The oscillating frequency of
the sinusoidal pulse is f, = nfy, where n is a positive integer.
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y(0)

A DL I
AU

Periodic sinusoidal pulse signals.

The periodic signal y(¢) is simply the product of the periodic signal x(¢) in Figure 2.19 and
cos 2xf.t. We have

y(t) = x(t) cos 2xf.t
1 ot | i
= (1) (7 4 ) (2.138)
— %X(I) (ej27mﬁ]t + efj27m/(')t)

It is seen that y(?) is periodic with period 7y. The Fourier series representation of y(7) is given
by (2.132) and (2.133) with the following coefficients:

b= 5 (g + ) (2.139)
Using (2.116) we have
AT, (sin(z(k — n)foT,)  sin(z(k + n)foTp)>
b= 2Ty < x(k — )T, + (k +n)fp T, (2.140)

A plot of by as a function of kfy for Ty = 27}, is shown in Figure 2.25.

Note that b, = (ao + az,,)/2, b_, = (a_zn + ao)/Z, b,_1 = (a_1 + azn_])/z,
by = (a1 + d2n+1)/2, b, = (a,2n71 +a,1)/2, b_, = (a,ZnH -‘1-611)/2, and so on.
For f.>1/T,, we have the following approximations: b, ~ ao/2; b_, ~ ao/2;
boi~a /2;by 1 ~a/2;b_,y ~a_1/2;b_,.1 =~ ay/2; and so on.

[

Example 2.28 Power spectral density of periodic sinusoidal pulse signals
Consider the periodic sinusoidal pulse signals y(f) in Example 2.27. From the Parseval
relation, the power of y(7) is given by
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The Fourier series coefficients of periodic sinusoidal pulse signals.

P=>" bl (2.141)

k=—o0

Consequently, the power spectral density of y(7) is

Sy(f) = fj b 3(f — ko) (2.142)

k=—00

Substituting (2.139) into (2.142) we obtain

o0

1
=1 > Nakon + axal*(f — ko)

k=—o00

S3 3 [l P rRe(anagi,)] 6 — )

k=—00

o0

F2 3 [l P+Re(aai,)] 00 k)

k=—00

_1 f: [la.P-+Re(aa, )] 0 — G-+ mf) (2.143)

4 i [|am| +Re(am_ona), )] o(f — (m—n)fo)

—00

=

= % ; [|ai|2—|—Re(a,-a;‘+2n)} S(f — 1. — ifo)
+%m_z_oo [|am|2+Re(am,2na:‘n)} 5(/’ +ﬁ _ mﬁ))

When f. >> 1/T, we have Re (a;a},,,) < |a;|* and Re (a,,_2,a,) < |am|*; hence S, (f) can
be approximated as
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8,()

Power spectral density of periodic sinusoidal pulse signals.

1 & 1 &
gﬂjzzi:mfégfﬂfm0+zi:MM%V+ﬁ—mﬁ
=00 m=—00 (2.144)

z%mvam+&v+m}

The power spectral density of y(7) is shown in Figure 2.26 for Ty = 2T,

The bandwidth of y(¢) is defined loosely as the positive frequency range around f. that
contains most of the power of y(f). The null-to-null bandwidth B is the frequency range
from f, — 1/T, to f. + 1/T,, that is, B = 2/T,,. The signal y() is referred to as a bandpass
or passband signal. It is seen that the power spectral density of y(¢) is one-fourth the
power spectral density of x(¢) shifted to the positive frequency range by f. and one-fourth
the power spectral density of x(¢) shifted to the negative frequency range by —f. for
Je > 1/T,. The periodic signal x(¢) is referred to as the equivalent baseband or lowpass
signal of y(?).

]

The above study shows that Fourier series representation is an indispensable tool for
analyzing periodic signals in the frequency domain via their harmonic components or their
power spectral density. The frequency domain approach allows us to determine the fre-
quency range that contains most of the signal power. This frequency range is defined loosely
as the bandwidth of the signal. In the next section we will investigate the response of an LTI
system to a periodic input signal.

Response of an LTI system to a periodic signal

The output response y(f) of an LTI system, with impulse response 4(¢f) when a signal x(f) is
applied to its input, is determined by the convolution operation in (2.102):

00 o}

x(t)h(t —7)dr = J h(t)x(t —7)dr (2.145)

—00

§0) =x(0) ) = |

—00
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Let x(f) be a periodic signal with the Fourier series representation given in (2.112).
Substituting (2.112) into (2.145) we obtain

o) :J W) S a0 g

—00 k=—00

- N (2.146)
= Z ay el2mkot J h(z) e 12kh 47
k=—00 -
The transfer function of the LTI system is defined as follows:
H(f) = J h(t) e 2 dt (2.147)

Note that the transfer function is a function of the frequency f. By using (2.147) in (2.146)
we get

o0

w6y =" H(kfo) are™™ (2.148)

k=—o00

From (2.148) we note that the Fourier series coefficients of y(¢) are the Fourier coefficients of
x(#) weighted by the values of the transfer function at the harmonic frequencies.
Consequently, the power spectral density function of y(¢) is given by

S0 = S )P lal*5( — k) (2.149)

k=—00

Substituting (2.127) into (2.149), and with the help of (2.123), we obtain the following
relation between the power spectral density S,(f)) of the output signal y(7) of an LTI system
and the power spectral density Sy(f) of the periodic input signal x(¢):

Sy(f) = [H(F)I*S:(f) (2.150)

The result in (2.150) is very important because it enables the design of LTI filters to pass
certain desirable harmonic components and to eliminate undesirable ones.

Example 2.29 Periodic pulse signals and the ideal lowpass filter
Let the periodic pulse signal x(f) in Example 2.26 be the input to an ideal lowpass filter with
the following transfer function:

1 —

1

1
T 2.151)
0, otherwise

=

A plot of H(f") is shown in Figure 2.27(a). The ideal lowpass filter passes all the harmonic
components of x(f) within the main lobe. Figure 2.27(b) shows the power spectral density of
¥(?) and its envelope, for Ty = 27,.

(]
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S,
H (f) AP
1
Lo 1 ! IR !
T,, T,, Tp Ty Tp
(a) (b)

.m (a) Ideal lowpass filter; (b) power spectral density of output signal.

x(1)

/1N

-T 0 T
(a)
30
/SN /N /N |
-7, -r 0 T T,
(b)

Figure 2.28 [NP)] Aperiodic signal x(t); (b) periodic signal xp(t), constructed to be equal to x(t) over one period T.

2.8 Fourier transform of continuous-time signals

The previous section dealt with the Fourier series representation of continuous-time periodic
signals. In this section, we extend this concept to cover aperiodic signals, which includes all
finite-energy signals used in communications. We can view an aperiodic signal as a periodic
signal with an arbitrarily large period 7 and we can examine the limiting behavior of the
Fourier series representation of this signal. For simplicity, assume that the aperiodic signal
x(t) is of finite duration. Let us construct the periodic signal x,(¢) for which x(¢) is one
period. As the period Ty — 00, x,(¢) is equal to x(¢) for any finite value of . Figure 2.28
illustrates this process.
The periodic signal x,(¢) can be represented by the Fourier series as follows:
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%) = Y e (2.152)
k=—o00
1 To/2 .
w=g | wle (2.153)
To )12
Define the following quantity:
To/2 A
X(kfo) = Toar = J X, (1) 72700 gy (2.154)
~Tp/2

Rewriting (2.152) in terms of X (kf;) we obtain

o0

(1) = > X (ko)™ 'y (2.155)
k=—o00
As Ty — o0, x,(t) approaches x(¢) and consequently (2.155) becomes a representation of
x(). The summation becomes an integral, and the term inside the summation becomes the
integrand X (f)el*, with f, becoming df". Thus, (2.155) and (2.154) become

x(1) = JOO X(f)e*™df (2.156)
X(f) = JOC x(f)eVidy (2.157)

The above two equations are referred to as the Fourier transform pair. The function X (f) is
called the Fourier transform of the signal x(¢), and x(¢) is the inverse Fourier transform of
X (f). The following notations are often used:

x(t)—X(f) (2.158)
X(f) = F{x(2)} (2.159)
x(t) = FYX()} (2.160)

A signal x(¢) has a Fourier transform if it satisfies the following Dirichlet conditions:
1. x(¢) is absolutely integrable, that is,
J |x(¢)| dt <.

2. x(f) has a finite number of maxima and minima within any finite interval.
3. x(¢) has a finite number of finite discontinuities within any finite interval.

Another sufficient condition for the existence of the Fourier transform is that the signal x(¢) is
a finite energy signal, that is, it is square integrable, so that
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() XN
A a1,
t LN f
1, 01, Moo VY
2 2 r, T,
(a) (b)
(a) Pulse signal; (b) its Fourier transform.
J Ix(6) 2de < 0o
Example 2.30 Fourier transform of a pulse signal
Consider the pulse signal
4, —L<i<l
x(t) = 2o 2 (2.161)
0, otherwise

as shown in Figure 2.29(a). Applying (2.157) we obtain the Fourier transform of x(¥) as

T,/2 ) —jzfT, _ ej7r]T
Mﬂ:J Y T .
-7,/2 —12xf
sin /T,
nfT,

2.162)
= AT,

The plot of X(f) is shown in Figure 2.29(b). Note that ToX(f) is exactly the
envelope of the Fourier series coefficients of the periodic pulse signal x(f) shown in
Example 2.26.

[

Example 2.31 Inverse Fourier transform
Consider the following signal x(#), whose Fourier transform X(f) is shown in
Figure 2.30(a):

X(f) :{ (2.163)

0, otherwise

Applying the inverse Fourier transform in (2.156) we obtain
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x(1)

X(f)
1 2B
f P t
B 0 B N oo
2B 2B
(a) (b)
(a) Fourier transform of x(t); (b) the signal x(t).
B j2nBt —j2nBt
. N el
x(1) = J S df =
B Jent (2.164)
_ sin 2z Bt
2Bt

The pulse x(¢) is shown in Figure 2.30(b).
]

Frequency shifting property

As in the case of periodic signals, the frequency shifting property plays an important role in
the frequency domain analysis of aperiodic signals. Let x(¢) be a signal with Fourier trans-
form X(f). Define the signal y(7) as follows:

y(t) = x(t) 2! (2.165)

Applying the Fourier transform to y(f) we have

o0

Y(f) = J y(t) e 2 dr

—00

= JOO x(1) e UGy (2.166)

—00

=X(f /)
Similarly, the Fourier transform of the signal

(1) = x(1) e 2! (2.167)

is given by

Y(f) =X +1) (2.168)
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()

A

LT
L \/A- \/T

N s

(@)
Y(f)
AT,
2
T 0 \1 ; K/ /
1 1
Jem =7 Jet =
TP p
(b)

(a) Sinusoidal pulse signal; (b) its Fourier transform.

Example 2.32 Sinusoidal pulse signal
Consider the sinusoidal pulse signal

7,

NG

Acos2nfit, —2<t<
y(t):{ cos 2. 2 =t= (2.169)

0, otherwise

as shown in Figure 2.31(a). We note that y(¢) is simply the product of x(f) in (2.161) and
cos 2xf.t, that is,

[x(t) &2 + x(t) e 2] (2.170)

M| —

y(t) = x(t) cos 2xf.t =

The Fourier transform of y(¢) as sketched in Figure 2.31(b) can be obtained from (2.166) and
(2.168) as
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X ()
AVAN /
_2 102 ’

LT, T,
Energy spectral density of the pulse signal.

1

Y(f) =S IX(f = fo) + X(F +1)] (2.171)

where X(f) is given in (2.162).
]

Parseval relation

For aperiodic signals such as energy signals, the Parseval relation is the direct counterpart
of the Parseval relation for periodic signals. It expresses the signal energy in terms of the
Fourier transform of the signal. If we consider an energy signal x(f), its energy is given by

= |x(t)|2dtzrc (O (1) dt

—0o0 —00

_[r x(1) Um X*(f)e 2t df} dt (2.172)

—00 —00

[ X*(f) Uw x(t)e dt} df

—00 —00

The bracketed term in the last line is the Fourier transform of x(7), thus

E :J () dr = J X ()P df (2.173)
—00 —00

The quantity |X (f)|* is referred to as the energy spectral density or energy spectrum of the
signal x(¢), and displays the distribution of the energy in the frequency domain. The energy
spectral density of the pulse signal x(¢) in Example 2.30 is shown in Figure 2.32. This is a
baseband signal with the first-null bandwidth equal to 1/T,.

The energy spectral density of the sinusoidal pulse signal in Example 2.32 is obtained
from (2.171) as follows:

Y()P= JIK( ) +X( +)P

1 (2.174)
~ 2 X =P+ + 1)
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v

Energy spectral density of the sinusoidal pulse signal.

The approximation results from the fact that the term 2 Re{X (f — f.)X*(f + f-)} is very
small compared to either |X (f — £.)]* or [X(f +£.)|>, because these two energy spectral
densities are almost non-overlapping for f. much larger than 1/7,. Figure 2.33 shows the
energy spectral density of the sinusoidal pulse signal.

Fourier transform of periodic signals

Consider a periodic signal x(z) with the Fourier representation in (2.112). Applying the
Fourier transform in (2.156) we have

X(f) _ J Z akej27rkfnt efj27rﬁdt
e (2.175)

0 . .
_ Z akJ elh%leﬂz”ﬁdt
-0

k=—00

Using the property of impulse function in (2.122) we obtain
00 ., .
J O(f — kfy) &7 df = >N (2.176)

Note that the left-hand side of (2.176) is simply the inverse Fourier transform of 6(f" — kfp),
therefore we conclude that the integral inside the summation on the right side of (2.175) is
just the Fourier transform of e/’ which is precisely d(f — kfy). Thus

8}

X(f)= > ad(f — k) 2.177)

=—00

Response of LTI systems

The Fourier transform provides a very convenient way to analyze LTI systems. Consider an
LTI system with impulse response /() and input x(f). The output y(¢) is given by the
convolution operation
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y(t) = JOC x(o)h(t —7)dr (2.178)

—00

Taking the Fourier transform of both sides of (2.178) we get

vy = [ Um x(z’)h(l—r)df} e gy

—00 —00

[ x(7) Uoo h(t — 1) ejz”ﬁdt} dr

—00 —00

= x() U h(t') e 27 (1+0) dt’} dr (2.179)

= x(r) e 2 U

—00

h(f') e 2 dt’} dr
[ wwye o ar J *(z) 2 dr

—00

—00

The above integrals are just the Fourier transforms H(f) and X(f) of A(¢) and x(), respec-
tively. Note that H(f) is simply the transfer function of the LTI system as defined in (2.147).
Thus

Y(f) = HE)X () (2.180)
is the Fourier transform of
y(t) = h(t) = x(1) (2.181)

Equation (2.180) provides a convenient means to evaluate the frequency response of an LTI
system. It also allows the design of LTI filters to shape the output signal.

Example 2.33 Pulse signals and ideal lowpass filter

Consider an ideal lowpass filter with the transfer function H(f) in (2.151) and shown in
Figure 2.27(a). Let the input to the filter be the pulse signal x(¢) in (2.161). The Fourier
transform Y(f) of the output signal y(7) is shown in Figure 2.34, which is the mainlobe of X(f)
in Figure 2.29(b).

(]

Y(f)

AT,

Fourier transform of the output signal of an ideal lowpass filter with a pulse signal input.
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Example 2.34 Response to a periodic input signal
Consider an LTI system with a periodic input signal x(f) whose Fourier transform is given in
(2.177). Applying (2.180) we obtain the Fourier transform of the output signal as follows:

Y =HG) S asdlf — k)
L (2.182)
= > H(ad(f — ko)
k=—00

Using property (2.123) of the unit impulse function we have

o0

Y(f) =Y Hko)axd(f — kfy) (2.183)

k=—00

Now taking the inverse Fourier transform of both sides of the above equation and noting that
the inverse Fourier transform of §(f — kfy) is €™ as given in (2.176) we obtain

o0

y(6) = > H(kfo)ae™™" (2.184)

k=—00

This is exactly the same expression for y(f) given in (2.148) by the convolution operation.
[

Example 2.35 Distortionless transmission

Consider an LTI system with transfer function H(f) and input x(¢) with Fourier transform
X(f). For the input signal x(#) to pass through the LTI system undistorted, the output signal
¥(?) must be a delayed version of x(f), that is,

y(t) = Ax(t — 1) (2.185)

where £ is the time delay through the system and A4 is an arbitrary constant. Taking the
Fourier transform of (2.185) we obtain

Y(f) = J Ax(t — 1) e 7 dt :J Ax(7) o127/ (t+h) 41
- - o (2.186)
= A2 J x(z) e P dr = A e 0 x (1)

Comparing (2.180) and (2.186) we observe that a distortionless transmission occurs if and
only if

H(f) = [H(f)] V) = 4¢P (2.187)
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Table 2.1 Properties of the Fourier transform

Property Signal Fourier transform
Conjugate symmetry x(¢) real X(f) =X*(—f)
Linearity ax(t) + by(t) aX(f) + bY (f)
Time scaling x(at) L X ]:
la| " \a

Time reversal x(—t) X (=)
Conjugation x*(¢) X*(=f)
Time shifting x(t— 1) X (f)e 32t
Frequency shifting x()e 2t X(f+£)
Modulation x(t) cos 2xft X =)+ X +1)
Convolution x() * h(2) X(OH()
Multiplication x(8)y(t) X(f) = Y(f)
Duality X(1) x(—=f)

- o d"x(z) o
Differentiation (G2=f)" X (f)

o g A ()
Differentiation in frequency "x(t) g{—]Zn) : a
Integration It x(e)de % EX (0)6(f)

where |[H(f)| and 6(f) are the magnitude and phase of the transfer function H(f), respec-
tively. Equation (2.187) indicates that the transfer function magnitude must be a constant,
and the transfer function phase must be a linear function of frequency, that is,

[H(f)| = 4
o0(f) = —2xtyf

(2.188)

(2.189)

Such a distortionless LTI system is referred to as an ideal linear phase filter.

Tables of Fourier properties and Fourier transform pairs

The Fourier transform possesses many important properties that are useful for signal
analysis. These properties are listed in Table 2.1. The Fourier transforms of signals com-
monly used in communication are listed in Table 2.2.

2.9 Autocorrelation
I

We have seen the important role of energy spectral density and power spectral density in
determining the bandwidth of energy signals and power signals, respectively. In this section
we investigate the counterparts of these functions in the time domain.
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Table 2.2 Fourier transform pairs

Signal

Fourier transform

Unit impulse

Unit step

Unit impulse at ¢ =
Constant

Signum

Hilbert transformer

Impulse train

Periodic signal

Complex exponential
Cosine

Sine

Gaussian pulse

Rectangular pulse

(sinz)/z pulse
One-sided exponential

Two-sided exponential

Parseval formula:

Poisson sum formula

1, >0
—1, t<0

sgn(t) = {

1

wt

> o(t—kT)

k=—00

o0

Z akejbrkfdt
k=—cc
e‘]27rﬁyt
cos 2xf.t
sin 2zf.t
e—(t/T)?

T, 7,
=44 —Fst=3
0, otherwise
sin 27z Bt
2nBt
e u(t),

a>0

e~ Mu(t), a>0

d=me“u(n), a>0

1

1 1
g T 29()
e*ﬂ”ﬁo

o(f)

inf

—Jsgn(/)

b2 o -9

k > adlf - k)

o — 1)

500 —fo) +6(f +12)]
LI00 —fo) = 00 +£0)
Te D)

sin 7fT,

xfT,

X(f) = { 0, otherwise

_1
a+j2zf

2a
a2+(127rf)2

(a+j2nf)F

AT,

o x @y (o) de = [Z X ()Y (F) df

xX(t) =320 oo ml(t

—nT) =735 o M(k/T)eP/T

Autocorrelation and energy spectral density

Let | X (f) |2 be the energy spectral density of a real-valued signal x() with a corresponding

Fourier transform X{(f). We are interested in the inverse Fourier transform R, (7) of | X (f)]

2

By convention, the time variable 7 is used to distinguish it from the time variable ¢ of the
signal x(f). We have

R.(7)

or

R G G

Jio X ()X (—f) 2 df = J: X() Uio *(t) 27 dt} & g

X(NX"(f) ¥ df

—00

(2.190)

J: x(0) “i@ X(f) 20 df} dr

(2.191)
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The function R, () is referred to as the autocorrelation of the energy signal x(¢). It provides a
measure of the similarity between the signal and its delayed version. An important property
of the autocorrelation is that the energy E of the signal x(¢) is equal to the value of R, () at the
delay time 7 = 0:

E= ro X2() dt = Ry(0) (2.192)

—00

From (2.191) let ¢ = ¢ + 7, then we can formulate the autocorrelation as follows:

Ru(t) = J ()l — 1) df' = x(z) * x(1) (2.193)
Thus, the autocorrelation of a real-valued energy signal is a real-valued even function, that
is,

R:(7) = R,(—7) (2.194)
Furthermore, the maximum value of the autocorrelation occurs at the origin, that is,
|R:(7)| < R,(0) for all « (2.195)

The inequality in (2.195) holds because the similarity between the signal x(7) and its delayed
version x(¢ + 7) is reduced as 7 is increased. We can prove (2.195) by considering the
following inequality:

Jm [x(£) — x(¢ + 7)]*dz > 0 for all « (2.196)

Equivalently, we have

00

Jio X (1) di+ Jic P(t+17)de >2 Jim x()x(t +7) dt

(2.197)

> ZU x()x(t+17)dt| forall z

—00

The left-hand side of (2.197) is simply the sum of R,(0) and R,(0) and the right-hand side is
just 2|R,(7)]|. This proves (2.195).

Now consider an LTI system with input x(¢), transfer function H(f), and corresponding
real-valued impulse response /(f). We are interested in the energy spectral density of the
output signal y(f) whose Fourier transform is Y(f). Let the input signal x(#) be an energy
signal with the Fourier transform X(f). From (2.180) we obtain

Y ()= 1HE)PIX ()P (2.198)

Taking the inverse Fourier transform of both sides of (2.198), and noting that
\H(f)|*= H*(f)H(f), we have

R\(7) = h(—1) * h(z) * Rc() (2.199)

where R, (7) and R, () are the autocorrelation functions of y(#) and x(¢), respectively.
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Autocorrelation and power spectral density

In this section we derive the inverse Fourier transform of the power spectral density. First we
consider periodic signals that are special cases of power signals. For a periodic signal x(¢)
with a Fourier representation in (2.112), the power spectral density is given by (2.127) and
repeated here for convenience:

Si(f) = > lalo(f — k) (2.200)

k=—00

Denoting R, (7) as the inverse Fourier transform of S, (x), and applying (2.156) to (2.200) we
obtain

o0

R(t) = F SN} = Y laf*e™™" (2.201)

k=—o0

We observe that the power P of the periodic signal x() is equal to R,(0) via (2.117), that is,
P=R(0)= Y |alf (2.202)

For a real-valued signal x(¢) that is not periodic, the power spectral density must be derived
separately. From (2.13) the average power of x(¢) is given by

T 00
P = lim %J_sz(t) dr = lim %J_ Xk (1) dt (2.203)

where x7(¢) is a truncated version of x(¢):

_fx(r), -T<t<T
xr(t) = { 0, otherwise (2.204)

Although the power signal x(f) might not have a Fourier transform because its energy is
infinite, its truncated version x7(¢) has finite energy and hence possesses a Fourier transform
Xr(f). By using the Parseval relation for (2.203) we have

P tim o [ )P (2.205)

Since the average power P is finite, we can exchange the order in which the limit and the
integration are performed:

P=| ()P d (2.206)

lim —
S T—002

If we let S, (f) be the power spectral density of the power signal x(f), by definition we have

P=| sy =[ Jm Py (2.207)
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Hence, the power spectral density of a power signal is defined as

1
Si(f) = Jim - |Xr(f) (2.208)

The function | X7 (f)|* /2T is commonly referred to by statisticians as the periodogram of the
power signal.
If we denote the inverse Fourier transform of S, (f) as Ry(t), we have

o.0)

R0 =P80 = | |fim 5o F | 270
. (2.209)
= Jim 57| )Py

Using the relation that leads to (2.190) we obtain

R.(r) = lim Lro xr(t)xr(t+ 1) dt (2.210)

Ri(z) = lim —JT *()x(t + 1) dt 2211
T

The function R, () in (2.211) is referred to as the autocorrelation of the power signal x(¢).
Note that the autocorrelation of the periodic signal given in (2.201) is a special case of
(2.211). In fact, (2.201) can be obtained by substituting (2.112) directly into (2.211). We also
observe that the average power P of the power signal x(¢) is equal to R.(0) by virtue of
(2.203) and (2.211). Thus, the average power of the power signal x(¢) is equal to the
autocorrelation at the origin, that is,

P = R,(0) (2.212)

Furthermore, the autocorrelation of a power signal also satisfies (2.194) and (2.195).

The autocorrelation reflects the degree of coupling between a signal and its delayed
version. If the signal x(¢) varies slowly, the signal’s delayed version x(z + 7) looks almost
like the signal as the delayed interval 7 gets larger. In the extreme case of a dc (constant)
signal, the autocorrelation is a constant, meaning that the power spectral density is an
impulse function at zero frequency. This is expected since all power must be concentrated
at zero frequency. When x(¢) varies rapidly then its delayed version x(z + 7) can be very
much different to x(¢) within a short delayed interval z, and the autocorrelation can go down
to zero. In this case the signal may contain many harmonics at various frequencies. The
high-frequency harmonics are the rapidly time-varying signals and may contain a large
amount of power. In this case, the power spectral density may have high weighting at
the high frequencies, which means that the signal has a large bandwidth. In the extreme case,
the signal varies so rapidly that its autocorrelation is an impulse function at time zero. This
implies that the power spectral density is a constant, and the signal has infinite bandwidth
and infinite power.
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Output autocorrelation and power spectral density

In this section we investigate the autocorrelation and power spectral density of the output
signal y(¢) of an LTI system with an input power signal x(¢). As usual, let A(f) be the real-
valued impulse response of the LTI system. The corresponding transfer function H(f) is
simply the Fourier transform of /(¢). The autocorrelation of y(f) is given by

1 T
R(z) = lim 7]4 WOw(t+7) dr (2.213)

Noting that y(¢) = h(¢) % x(¢), we can express (2.213) as

R,(r) = lim JTT JOO h(u)x(t — u) du r@ h(v)x(t+7—v)dvds (2.214)

—00 —00

Making the following change of variable, 4 = ¢ — u, we can write (2.214) as

R,(7) = JOO JOO h(u) h(v) [ lim —JTTx(l) x(A+ (u+7—v))di|dudv  (2.215)

—00 J—00

Note that the term in the bracket is simply the autocorrelation of x(#) with the argument
u+ 1 — v, thatis, R(u + 7 — v), thus (2.215) can be expressed as

R,(7) = J h r@ h(u) h(v) Ry(u + 7 — v)dudv

—00 J —o0

Y Um h(v) Re((u + 7) — v) dv | du (2.216)

= J h(u)[h(u +7) * Re(u +7)] du

Again, making a change of variable, z = u + 7, we obtain
R,(7) = J h(z — 7)[h(z) * R(2)] dz (2.217)

The right-hand side of (2.217) is just the convolution operation of 2(—7) and A(z) * R.(7),
therefore

Ry(t) = h(—1) * h(r) * R((7) (2.218)

The power spectral density of the output signal y(¢) can be obtained from (2.218) by
taking the Fourier transform of R, (7). Using the convolution, conjugate symmetry, and real
signal properties in Table 2.2 we have

S,(f) = H (f)H(f)Sx(f) (2.219)

or, equivalently,
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S,(f) = [H()S:(f) (2.220)

This is exactly the same expression that we derived for periodic signals in (2.150).

2.10 Sampling

Sampling is the first step in the process of converting a continuous-time analog signal into a
set of digital signals that represent bits or symbols. Sampling produces values or samples of
the continuous-time signal at points equally spaced in time. Sampling is useful only when
the continuous-time signal can be reconstructed from its samples. In general, many signals
can generate a given set of samples. Therefore, the samples can uniquely specify the signal if
and only if additional conditions are obeyed. These conditions are stated in a well-known
theorem called the sampling theorem.

Sampling theorem

Let x(?) be a bandlimited signal with a Fourier transform X(f) such that X (f)) = 0 for | /| > B,
where B is the absolute signal bandwidth (highest frequency of the signal). Then, x(¢) is
uniquely specified by its samples x(kT), k =0, =1, £2, ..., equally spaced in time
T = 1/f;. The parameter T'is referred to as the sampling period, and the sampling frequency
/s must be greater than twice the absolute signal bandwidth B, that is,

£>2B (2.221)

The sampling rate fy = 2B is referred to as the Nyquist sampling rate.

The samples can be generated by impulse-train sampling in which the signal x(7) is
multiplied by a periodic unit impulse train of period 7. This operation produces impulses
at locations k7 with amplitudes x(kT), k = 0, £1, £2, .... The signal x(¢) can be recon-
structed by passing the sampled signal through an ideal lowpass filter with gain 7 and
bandwidth I that satisfies the following condition:

B<W<f,—B (2.222)
oo H(f)
p(t)=" &(t—kT) v
k= e T
x(1) 5O i) 0 w0 w7
(a) (b)

(a) Sampling and reconstruction; (b) ideal lowpass filter.
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The sampling theorem is summarized in Figure 2.35, where p(f) is the unit impulse-train,
x,() is the sampled signal, x,.(¢) is the reconstructed signal, and H(f) is the transfer function
of the ideal lowpass filter, given by

H(f) = {T’ =W (2.223)

0, otherwise

Impulse-train sampling

The sampled signal x;(¢) is generated by multiplying the continuous-time signal x(f) with a
unit impulse train p(z):

x,(t) = x(0)p(1) (2.224)

where
p(t) = i S5(t — kT) (2.225)

k=00

Thus,

x5(1) = x(2) f: o(t—kT) = i x(2)6(¢ — kT) (2.226)
J— J—
Using (2.123) in (2.226) we obtain
x,(1) = f: x(kT)8(t — kT) (2.227)
—

Example 2.36 Sampling of a (sinx)/x pulse
Consider the pulse signal x(f) and its Fourier transform X(f) shown in Figure 2.30 of
Example 2.31 and repeated here for convenience in Figure 2.36. It is obvious that the signal

x(®) X(f)
2B 1
- o~ f
"2B 2B
(a) (b)

(@) x(t) = 2BI(sin 27zzBt)/27cBt] pulse; (b) its Fourier transform.
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x(1)

2B

L
_LJ LL
4B 4B

The sampled signal produced by impulse-train sampling.

x(#) is bandlimited to a bandwidth B. Assume that we want to sample the signal at a sampling
frequency equal to four times the bandwidth, that is,

Js =4B (2.228)
The sampling period is then given by

11

— = (2.229)

Consequently, the sampled signal x,(¢) shown in Figure 2.37 is given by

x5(t) = i x(%)&(r - %) (2.230)

k=—00

_ Z 2Bsmk:72/2)5( %) (2.231)

Reconstruction with an ideal lowpass filter

We now look at the sampled signal x,(¢) in the frequency domain via its Fourier transform
X;(f'), which can be obtained from (2.224). Using the multiplication property in Table 2.1
we have

X(f) = X(f)  P(f) (2.232)

where X(f) and P(f) are the Fourier transforms of x(f) and p(¥), respectively. Using the
Fourier transform of the impulse train in Table 2.2 we obtain the Fourier transform P(f) of
p(?) as follows:

P(f) = % f: 5(f — kf) (2.233)

k=—00
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Substituting (2.233) into (2.232) and performing the convolution operation we get

X0) = | P@x( -0

—00

1[* &
_ ?J S S — H)X(f — u)du (2.234)

0 k=—c0

_ llr 3 r; S — )X (f — ) du

k=—00

Applying (2.122) to (2.234) we arrive at the following expression for the Fourier transform
of the sampled signal:

o0

X() =7 > X (k) (2.235)

k=—00

It can be seen that the Fourier transform of the sampled signal is the sum of shified replicas
of X(f) scaled by the factor 1/7. Furthermore, X;(f') is a periodic function of frequency f'with
period f;. When the sampling frequency f; > 2B, the adjacent shifted replicas of X(f) do not
overlap. By passing the sampled signal through an ideal lowpass filter, with a transfer
function given in (2.223) that satisfies the constraint in (2.222), we can recover the original
signal x(7). The recovered signal x,(¢) can be described in the frequency domain by its
Fourier transform X, (f) as follows:

X:(f) = H{)X ()

o0

X(f — kf.), <w
= k;oo VR (2.236)

0, |fl>wW
=X(f)

Thus, the original signal x(¢) is completely recovered. The next example illustrates the
reconstruction process.

Example 2.37 Reconstruction of sampled (sin x)/x pulse

The Fourier transform of the sampled signal of the pulse given in Figure 2.36 is sketched in
Figure 2.38. The sampling frequency is f; = 3B. It is obvious that any ideal lowpass filter
with gain 7 and bandwidth W such that B<W <2B can recover X(f) and reject all shifted
replicas of X(f), as shown in the same figure. Thus, the reconstructed signal x,(¢) is exactly
the same as the original signal x(7).

[

So far we have investigated the reconstruction process in the frequency domain. An
equivalent time domain approach is also feasible. Let A(f) be the impulse response of the
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X,(f) H(f)

/T

L L f
-, -B 0 BW f

Fourier transform of the sampled signal of the pulse in Figure 2.36.

ideal lowpass filter. Thus A(7) is the inverse Fourier transform of H(f). We can write the
reconstructed signal x,(¢) as follows:

X () = x5(¢) % h(2)

= JOO xs(2)h(t — 1) de (2.237)
Substituting (2.227) into (2.237) we obtain
wo(f) = ro S (kT)o(c — KT) A — ) de
ke (2.238)
= Y x(kT)h(t — kT)
k=—00

Given H(f) in Figure 2.35(b) the corresponding /(¢) can be obtained from Table 2.2 as

sin 2z Wt
h(t) =2WT ——— 2.239
(1) o (2.239)
Combining (2.238) and (2.239) we can write the reconstructed signal as follows:
- sin 2z W (¢t — kT)
(1) = kT) 12WT ——————= 2.240
x(f) k;mx( >[ 22— T (2.240)

The left-hand side of (2.240) is just the inverse Fourier transform of the left-hand side of
(2.236), which is exactly x(f). Equation (2.240) provides a convenient way of repre-
senting a bandlimited signal as a series of time-shifted (sin x)/x pulses. The coefficients
of the series are the samples of the signal. It turns out that the above series is also
an orthogonal series when 2WT =1 or 2W = 1/T =f;: this is proven below in
Example 2.38.

Example 2.38 Orthogonal (sin x)/x functions
Consider the infinite set of time-shifted pulses defined as follows:

_sin zfs(t — kT)

xi(t) = it —KT) where k& is an integer (2.241)
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where f; = 1/T. We need to show that this is a set of orthogonal functions. We first establish
the inner product of two distinct functions x, (¢) and x,,(¢) as indicated by (2.36) and make
use of the Parseval relation in Table 2.2:

o0

| womoa=] xoxne (224
where X (f') and X,,(f) are the Fourier transforms of x; (¢) and x,,(¢), respectively. Note that
X (¢) = xo(¢t — kT) and x,,(¢t) = xo(t — mT). Hence, by applying the time shifting property
in Table 2.1 we get

Xi(f) = Xo(f) e 27 (2.243)

X, (f) = Xo(f) e 321 (2.244)

where X, (f) is the Fourier transform of x((¢). Substituting (2.243) and (2.244) into (2.242)
we obtain

J T () di = JOO Xo(f)Pe PromT df (2.245)

—00

Note that Xy (f) is given in Figure 2.36(b) with f; replacing 2B, and its amplitude is 1/f;.
Equation (2.245) can now be rewritten as
(/)2

J xe(£)x,(2) dt :J %e’jz"("*mﬂfdf =0 (2.246)
—£/2Js

—00

Thus, the set of functions in (2.241) is an orthogonal set. This example shows that a
continuous-time finite-energy signal x(¢), bandlimited to a bandwidth B, can be represented
by an orthogonal series of the form

= [sin afs(t — kT)] (2.247)

x(f) = Y x(kT) )

k=—00

where f; = 1/T = 2B. The above expression is referred to as the Nyquist-Shannon inter-
polation formula.
[

Example 2.39 Aliasing

We have shown that impulse sampling produces a sampled signal with a periodic Fourier
transform consisting of scaled replicas of the Fourier transform of the original signal
equally spaced in frequency by the sampling frequency f;. The sampling frequency must
be greater than twice the absolute bandwidth or highest frequency of the original signal.
When this condition is not satisfied, the Fourier transform of the sampled signal no longer
consists of replicas of the original signal. Hence, the Fourier transform of the original
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X(f)

-B 0 Bf

Aliasing effect of undersampling.

signal cannot be recovered by lowpass filtering. This happens because the periodic
components of the Fourier transform of the sampled signal overlap. This effect is referred
to as aliasing.

The Fourier transform of the sampled signal of the pulse given in Figure 2.36 is sketched
in Figure 2.39. The sampling frequency is f; = 3B/2. It is seen that lowpass filtering cannot
reconstruct the Fourier transform of the original signal shown in Figure 2.36. Therefore, the
recovered signal after lowpass filtering will be distorted.

]

2.11 Bandpass signals
|

Most practical communication systems are bandpass systems, and signals that they
transmit and receive are therefore bandpass signals. The sinusoidal pulse signal shown in
Figure 2.31(a) is a classical example of a bandpass signal. In general, the spectral density of
a bandpass signal concentrates around a carrier frequency f. as shown in Figure 2.31(b) for
the sinusoidal pulse signal. The positive and negative parts of the spectral density do not
overlap for all practical purposes, since their values around the zero frequency are very small
compared to their peak values. Also, the bandwidth of the bandpass signal, which is defined
loosely as the frequency range around f; that contains most of the energy or power of the
signal, is normally small compared to the carrier frequency f;.

Representations

A bandpass signal can be described mainly by three representations: envelope-phase, in-
phase and quadrature or 1-Q, and complex envelope. In the envelope-phase representation, a
bandpass signal x(¢) can be expressed as

x(¢) = A(¢) cos[2xf.t + 6(¢)] (2.248)

where f. is the carrier frequency, A(f) is the time-varying amplitude, and 0(¢) is the time-
varying phase. When a bandpass signal is employed to carry information, the amplitude A(¢)
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and/or the phase 0(¢) may vary according to the information, resulting in various types of
modulation techniques.
In the I-Q representation, the bandpass signal x(f) can be expressed as follows:

x(t) = x;(t) cos 2zfet — xp(t) sin 2xf.t (2.249)

The components x;(¢) and xp(#) are referred to as the in-phase and quadrature components
of x(), respectively. The term quadrature results from the fact that sin 2zf.¢ is in phase-
quadrature with respect to cos 2zf.t, that is, 7 /2 radians or 90° out-of-phase.

For the complex envelope representation, the bandpass signal x(¢) can be written as

x(f) = Re{x; (¢) e} (2.250)
where the complex envelope x; () of x(¢) is often referred to as the equivalent lowpass

signal. The three representations of a bandpass signal are equivalent and their relations are
shown below:

A(t) = /37 (t) +xp(t) = e (0)] (2.251)

xp (1) = x;(t) + jxo(t) = A(z) &0 (2.252)
i [xo(?)

6(t) = tan™! {W} (2.253)

x7(t) = Re{xz(¢)} = A(¢) cos 6(z) (2.254)

xo(t) = Im{x,(¢)} = A(z) sin 6(z) (2.255)

Example 2.40 Fourier transform of the complex envelope representation
Considering the Fourier transform X (f)) of the complex envelope representation of the
bandpass signal x(7) in (2.250), we get

o0

Re{x; () &2} e 4y

x¢) = |
o (2.256)

= J 3 [z (£) €270 4 x; (¢) e 32| 727 4y

Applying the conjugation and frequency shifting properties in Table 2.1 we obtain

X(1) =5 D — ) + X5 (f —£) (2257)

where X, (f) is the Fourier transform of the equivalent lowpass signal x (¢) of x(¢). Thus, the
characteristics of X () are all contained in X7 (f).
n
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Example 2.41 Equivalent lowpass signal
Consider the following sinusoidal pulse signal with duration 0 < <7

x(t) = p(t) cos (Znﬁt ¥ %) (2.258)

where the function p(f) is defined in (2.26). The envelope A(f) and the phase (¢) are
given by

A(t) = p(t) (2.259)

(2.260)

By expanding x(f) we can write (2.258) as follows:

x(t) = [p(l) cos%} cos 2xf.t — [p(t) sin%} sin 2zf.t

2.261
V2 Vi (226D
= TP(t) cos 2xf.t — Tp(t) sin 2xf.t
Therefore, the in-phase and quadrature components are
V2
xi(1) = 5p(0) (2.262)
V2
xo(t) = 3-p(1) (2.263)
Finally, the complex envelope or equivalent lowpass signal x; (¢) is given by
V2 V2
xu(t) = S2p(0) +55p(0) (2264)

Response of an LTI bandpass system

An LTI bandpass system is designed to pass and/or shape a bandpass signal. Its transfer
function normally centers around the carrier frequency f;. of the bandpass signal and is
almost zero at the zero frequency. The impulse response /(f) of an LTI bandpass system can
be expressed by the complex envelope representation as follows:

h(t) = Re[hy(t) €] (2.265)
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where the complex envelope 4, (¢) is called the impulse response of the equivalent lowpass
system. Following the derivation of (2.257) we arrive at the Fourier transform H(f) of
h(?) as

1 *
H() =5 [Hilf ~ £) + Hi (< ~£) (2.266)
where Hy (f') is the Fourier transform of 7 (¢). Now assume that the input signal x(¢) has a
Fourier transform X (f), the output signal (¢) of the bandpass system is
y(t) = h(t) * x(¢) (2.267)
or equivalently, the Fourier transform Y (f') of y(¢) is given by
Y(f) = HX(f) (2.268)
Substituting (2.257) and (2.266) into (2.268) we have

Y{f) :%[HL(f—fc) +Hy (—f —fo)] [Xe(f —f) + X (= = 12)]

= S~ 1N 1)+ H (o~ 10X (o 1)

(2.269)

We arrive at the above equation with the assumption that #; (f — f.) and X" (—f — f.) do not
overlap, and neither do H;(—f —f.) and X;(f —f.). Thus, we have the relations
H(f —fo)X (= —fo) =0 and Hj(—f —f)X.(f —f.) =0. Define the following
parameter

Yi(f) = %HL(f)XL(f) (2.270)

Then, we have

1 *
Y(F) =5 [V = f) + i (=f = £)] (2.271)
Taking the inverse Fourier transform of Y (f") yields the output response y(?):

1

() =5 [y (1) €27 4 y7 (1) e P20

= Re{y; (1) &'}

(2.272)

where the complex envelope y; (¢) of y(¢) is the inverse Fourier transform of Y, (f) in (2.270)
and is given by

yi(t) = %hL(t) * x (1) (2.273)

In summary, when the bandwidths of both bandpass signal and bandpass system are much
smaller than the carrier frequency such that the assumption leading to (2.269) holds, we can
obtain the response y(#) via (2.267) or via the equivalent lowpass operation given in (2.272)
and (2.273).
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2.12 Summary

In this chapter we have provided a fairly detailed study of deterministic signals. We have placed the emphasis
on continuous-time signals that are often employed in practical communications systems. The concept of
continuous-time digital signals was introduced via examples such as PSK and ASK.

We then introduced the concept of power and energy signals. We showed that a power signal has infinite
energy and an energy signal has zero average power. It was noted that the digital signals employed in practice
are energy signals and an infinite sequence of them forms a power signal.

The study of energy signals has led to a special class of important digital signals, namely, orthogonal signals,
that are widely used in commercial and military systems. The most well-known pair of orthogonal signals are
the cosine and sine functions with identical frequency. We also studied the well-known orthogonal Walsh
functions, which are derived from the Hadamard matrix. The Walsh functions are employed in the cellular
standard 15-95.

Further study of finite-energy signals has led to the concept of signal space. The Gram—Schmidt procedure
enables us to express continuous-time finite-energy signals as vectors in the signal space, thus simplifying the
analysis.

A review of linear time-invariant systems was provided together with the important convolution operation. It
is worth mentioning that the majority of communication systems are LTI systems. Even nonlinear communication
systems contain many subsystems that are linear time-invariant.

Two great techniques that are indispensable in the analysis of communications systems were presented. They
are Fourier series for periodic signals and Fourier transform for aperiodic signals.

The study of Fourier series has revealed a number of important properties. The Parseval relation states that
the average power in a periodic signal equals the sum of the average power in all of its harmonics components.
The power in a harmonic component is equal to the squared magnitude of the corresponding Fourier series
coefficient. This relation leads to the study of power spectral density, which consists of an infinite series of
weighted impulses at harmonic frequencies. As the signal propagates through an LTI system, its power spectral
density is shaped by the transfer function of the system. The output power spectral density function is
equal to the product of the squared magnitude of the system’s transfer function and the input power spectral
density.

The study of Fourier transform of aperiodic finite energy signals has provided a number of interesting results.
The energy of a signal is equal to the total area under the energy spectral density function, which is simply the
squared magnitude of the Fourier transform of the signal. This is the Parseval relation for an energy signal. One
surprising result is that a continuous-time periodic signal has a Fourier transform that is an infinite series of
impulses at harmonic frequencies. The coefficients of the impulses are simply the Fourier series coefficients. As
an energy signal propagates through an LTI system, its Fourier transform is shaped by the transfer function of
the system. The Fourier transform of the output signal is simply the product of the system’s transfer function
and the Fourier transform of the input signal.

It was shown that the autocorrelation and the energy spectral density of an energy signal form a Fourier
transform pair. For a power signal, the autocorrelation and the power spectral density also form a Fourier
transform pair. The spectral density of the output signal of an LTI system is equal to the product of the squared
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magnitude of the system’s transfer function and the spectral density of the input signal. This applies to both
energy and power signals.

Again using the Fourier transform we have studied the sampling of a bandlimited signal. It was shown that
the original signal can be recovered from the sampled signal by means of an ideal lowpass filter provided that
the sampling rate exceeds the Nyquist rate The Nyquist rate is exactly twice the absolute bandwidth or highest
frequency of the original signal. If the sampling rate is smaller than the Nyquist rate, then aliasing results, and
the original signal cannot be recovered from the sampling signal.

In the last section we have investigated the representations of bandpass signals which are employed in
practical communication systems. Three representations were considered, namely, envelope-phase, in-phase and
quadrature (I-Q), and complex envelope representations. The relationship between a bandpass signal and its
equivalent lowpass signal was studied. The equivalent lowpass signal is simply the complex envelope of the
bandpass signal.

Problems
|

1. Examine whether the following signals are periodic: s(¢) = sin 6zt + cos 7xt,
s(t) = 5cos(l4xt + 0) + 7sin(42xt + 60). Specify the smallest period.

2. Write the expression for the PSK waveform s(#) that represents four consecutive bits
1011, assuming that the leftmost bit starts at time # = 0 and the carrier frequency is an
integer multiple of 1/7}, where T}, is the bit time.

3.  Write the expression for the QPSK waveform s(f) that represents four consec-
utive symbols 10 01 11 00, assuming that the leftmost symbol starts at time ¢ =
0 and the carrier frequency is an integer multiple of 1/7,, where T, is the
symbol time.

4. Write the expression for the 4ASK waveform s(7) that represents four consecutive
symbols 00 01 10 11, assuming that the leftmost symbol starts at time ¢ = 0 and the
carrier frequency is an integer multiple of 1/7, where Ty is the symbol time.

5. Find the energy and power of the following signals: s(z)=10sin6x¢+3cos7zz(V),

s(¢)=sin(5zt+6)+2cos(7xt+¢)(mV),ands(¢)=20cos(15zt+0)cos(25xt+ ¢) (V).

Find the energy of the unit impulse function. Is it a power signal?

Find the energy and power of the unit step function.

Find the energy of the signal s(¢) = 2B 51215,

Find the PSK signal energy assuming the bit time 7, = 10~*s and the amplitude

A=100mV. Find the QPSK signal energy assuming the symbol time 7, = 2 x 10™*s

and the amplitude 4 =100 mV.

10.  Consider the following two signals for 0 < ¢ <Tj:

SIS

Sl(l) = ACOS(zﬂﬁt + 91)
52(t) = Acos(2nfat + 65)

where for a positive integer £> 1 and f, = ¢/ T}, we have
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11.

12.

13.

14.
15.

16.

17.

18.

1
fi=te= 57
X 1
f2 —fc"‘rz—Tb

Show that the two signals are orthogonal.
Consider the following two signals for 0 < ¢t<Tj:

S1 ([) = Acos |:27l' <fc + 41Tb>t + (911:|

1
t)=A 2r|fo ——)t+ 6,
s2(1) cos{ n(f 4Th> + ]
where 6, € {0, z}(mod 27x). Show that the two signals are quasi-orthogonal assum-
ing that the frequency f; is an integer multiple of 1/7}.
Consider the following two signals in the interval 0 < ¢ <Tj:

s1(t) = A cos(2xft + 6)
$2(¢) = Acos(2z[f + Af]t + 0)

where f > Af. The requirement for both signals to be quasi-orthogonal is their inner
product must be less than 0.01 of the energy of s; (¢) or s (¢). What would be the range
of Af?

Consider the cascade of two identical 4-ary Walsh functions representing the third row
of the Hadamard matrix Hy. Find all 8-ary Walsh functions with the same period that
are orthogonal with it.

Show that the Hadamard matrix of order M = 2" divided by v/M is a unitary matrix.
Use the Gram—Schmidt procedure to find the orthonormal basis functions
for the following set of four quadrature phase shift keying signals:
su(t) = cos[(2x/T)t+ (n — D)z /2], n=1,2,3,4; 0 <¢<T starting with signal
s1(t). Express s,(¢) in terms of the basis functions and find the corresponding signal
vectors. Calculate the Euclidean distance between two adjacent signal vectors.
Consider the following set of signals:

su(t) = {£Acos2xf.t, £3Acos2xf.t, 0 < t<T,}

Let E be the smallest signal energy. Find the basis function and express each signal in
the set in terms of the basis function and E. Plot the signal space.

Determine if the following systems are LTI:

(@) y(t) = §[3x(t) — x(¢ = 7)]

(b) ¥(t) = |y x(z)dr

(c) y(t) = x(t) sin 3007t

(d) y(t) = **(1)

(e) y(n) =2n+3x(n) +x(n+3)

Find the convolution of the waveform x(¢t) = p(¢t) — p(t — T) + p(¢t + T) with p(¢),
where p(¢) is a unit amplitude pulse of duration T.
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Problems
x(t)
1
o \7T NT
7 \ /1 V /A 4
~1/N

The periodic signal x(t) with period NT.

19.

20.
21.

22.

23.

24.

25.
26.

27.

28.

29.

Find the convolution of p(¢) and /(¢) = tp,r(¢), where p(¢) is a unit amplitude pulse of
duration 7, and p,r () is a unit amplitude pulse of duration 27,

Find the Fourier series coefficients of x(¢) = >",2 (¢ — kT).

Consider the periodic signal x(¢) = Y72 w,(t — kT) with period 7, where w,(¢) is
the nth Walsh function corresponding to the M x M Hadamard matrix. Express the
signal x(¢) as a Fourier series for (a) M =2 and n = 2 (second row of the Hadamard
matrix); and (b) M =4 and n = 3 (third row of the Hadamard matrix).

Find the Fourier series of the periodic signal y(¢) = x(nt — t), where x(¢) is a periodic
signal with period 7, t; is an arbitrary time, and » is an integer.

Consider the periodic signal x(¢) = cos20xt + cos 60zt + cos 100z¢. Construct a
circuit to recover the third harmonic.

Consider a periodic signal x(¢) with period 7. Find the Fourier coefficients of the
following signal in terms of those of x(z): y(r) = d*x(7¢ — 3)/d7*.

Find the Fourier transform of the periodic signal shown in Figure 2.40.

A periodic signal with period T can be expressed in the summation form
x()) = 5 mlt — KT).

(a) Show that the Fourier series coefficients of x(¢) are given by

J m(t) e2mIT gy — %M(k/T)

—00

ap = ?
where M (k/T) is the Fourier transform of m(¢) evaluated at = k/T.

(b) Show that x(r) = L3720 M(k/T)e?™ /T,

Consider a Hilbert transformer with impulse response A(t) = 1/xt. Let x(¢) be the

input signal. Write the expression for the output signal y(¢) = h(¢) * x(¢), that is, the

Hilbert transform of x(¢). Find y(¢) when x(¢) = sinnt.

Given the signal x(¢) = 4 [m(¢) cos 2zf.t — in(¢) sin 2xf.t], where fn(t) = m(t) * 1 /mt

is the Hilbert transform of m(%), find the Fourier transform of x(7).

Consider the inner product of two following signals x;(¢) = p(¢) cos2zf.t and

x2(t) = p(¢) sin 2xf.¢t given the Fourier transform P(f") of p(f). We have

[o.¢]

(x1,%) = J x1(2)x5(¢) dt

—00

Find the sufficient conditions for x; (¢) and x;,(¢) to be orthogonal in terms of P(f).
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

An upconverter shifts the carrier frequency f; of a modulated signal
x(t) = R(¢t) cos2zfot + w(t)] to a higher frequency f. > fo for transmission in a
designated spectrum without affecting the envelope R(¢) and the phase w(¢). The
reason is that it is much less expensive to design a modulator at the low intermediate
frequency (IF) fy than to design it at the high radio frequency (RF) f;. Given a local
reference sinusoidal signal at frequency fj,, design an upconverter to accomplish the
frequency shifting.
A downconverter shifts the carrier frequency f. of a modulated signal
¥(t) = R(t) cos[2zf.t + w(t)] to a lower frequency fy < f; for demodulation without
affecting the envelope R(¢) and the phase w(¢). The reason is that it is much less
expensive to design a demodulator at the low intermediate frequency (IF) f;
than to design it at the high radio frequency (RF) f;. Given a local reference sinusoidal
signal at frequency f},, design a downconverter to accomplish the frequency shifting.
Find the autocorrelation of the following function x(¢) = 7 cos 2000zz. What is its
power spectral density function? Calculate the power of x(¢) via two methods.
Determine the impulse response %(¢) of a LTI system whose input is x(¢) so that the
output y(f) is the autocorrelation of x(¢).
Given the power signal x(¢) with autocorrelation R, (7), determine the autocorrelation
R,(7) of y(t) = x(t) cos 2xfct.
Given the power signals x(¢) and X(¢) with autocorrelation R, (7) and R;(z), respec-
tively, determine the autocorrelation R, (7) of y(f) = x(t) cos 2zf.t — X(t) sin 2zf.t.
The following signal x(¢) = cos 20zt is sampled at rate f; = 8 Hz. Plot the Fourier
transform of the sampled signal. Can an ideal lowpass filter with a bandwidth of 11 Hz
be able to extract x(¢)?
The signal x(¢) = sin(2zfyt + 0) is sampled at a rate f; = 2fy. Can an ideal lowpass
filter with a cut-off frequency fy recover the signal x(#)?
Consider the bandpass signal y(¢) = x(¢) sin 2zf.t, where x(f) is a bandlimited lowpass
signal given as x(¢) = 2B(sin 2zBt/2xBt). The frequency f. is much larger than B.
What is the Nyquist sampling frequency? Plot the Fourier transform of the sampling
signal. Find the smallest /. so that the signal y(¢) can be recovered without aliasing.
Consider the bandpass signal x(¢) = x;(¢) cos 2zf.t — xo(¢) sin 2zf.¢, where both low-
pass signals x;(¢) and x¢ (¢) are bandlimited to B (Hz).
(a) First, perform frequency shifting and lowpass filtering of x(¢) to produce x;(¢).
Next, perform frequency shifting and lowpass filtering of x(¢) to produce xo(?).
(b) Sample both x;(¢) and x,, () at Nyquist rate. Write the expressions for both x; (¥)
and x, (?) in terms of their samples.
(c) Write the expression for the samples of x() in terms of the samples of x;(¢) and
X0 (t)
(d) Write the expression for x(f) in terms of its samples.
Consider the bandpass signal x(¢) = x;(¢) cos 2zf.t — xo(t) sin 2zf.t, where both low-
pass signals x;(f) and x, () are bandlimited to B (Hz).
(a) Multiply x(£) with e 7>, Write the expression for the resulting signal x(¢)e 27,
(b) Filter x(¢)e 17" with an ideal complex-valued lowpass filter with cutoff fre-
quency equal to B. Write the expression for the output signal y(z).
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41.

42.

Design an upconverter to shift the carrier frequency f; of the bandpass signal
x(t) = Re{x(¢) &'} to the new carrier frequency f;, where f; >> f, using the
complex local reference signal e2%e’ at frequency f;,>> f;. Identify the signals at the
output of every device employed in the upconverter.

Design a downconverter to shift the carrier frequency f. of the bandpass signal
x(t) = Re{x;(¢) &7} to the new carrier frequency f;, where fy < f;, using the
complex local reference signal e 32! at frequency f;,>> fy. Identify the signals at the
outputs of all devices employed in the downconverter.

Further reading

For a thorough analysis of Fourier series, Fourier transforms, discrete-time Fourier trans-
forms, and z-transforms we recommend Oppenheim, Willsky, and Nawab [1]. Advanced
materials in signal analysis can be found in Bracewell [2].
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Random signal analysis

Introduction

So far we have studied deterministic signals that are used to carry information. As far as
the receiver is concerned, the stream of transmitted digital waveforms that carries informa-
tion symbols is a random signal because the information is random. Also, as the transmitted
signal travels through the channel, it is modified by noise, which is a random signal and is
often referred to as a random process. Therefore, the receiver receives the transmitted signal
plus noise. Such a channel is called an additive noise channel. Furthermore, wireless signals
such as cellular signals and wireless LAN and MAN signals always travel through a time-
varying multipath fading channel, which causes the signal envelopes to vary randomly.
The time-varying phenomenon arises from Doppler shift, which is the result of the motion of
the transmitters and/or receivers. The multipath fading is the result of the destructive
interference of signal rays that travel via randomly delayed and attenuated paths.
Therefore, the received signal itself becomes a random signal. To analyze random signals
in communication receivers we need to know their statistics. In this section we explore some
tools necessary for such a task. We divide the discussion into reviews of probability theory
and random variables, and study of random processes and their applicability to communi-
cation theory.

3.1 Review of probability theory

78

Let S denote the sample space. The elements of § are called experimental outcomes, and its
subsets are called events. The sample space S is a certain event, and the empty set ¢ is the
impossible event. The union of two events 4 and B is denoted as 4 U B and their intersection
as AB (also 4 N B). For an event A we assign a number Pr(4) called probability of event A
that satisfies the following axioms:

L Pr(4) >0
IL Pr(§)=1
II. If 4B = ¢ then Pr(4 U B) = Pr(4) + Pr(B)

The following two theorems are widely used in the performance analysis of digital commu-
nications systems.
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3.2 Random variables

Total probability theorem

Let {4, A4y, ...,A,} be the partition of the sample space S and let B be an event in S. The
total probability theorem states the following result:

Pr(B) = zn:Pr(B\Ai) Pr(4;) 3.

i=1

where Pr(B|4;) is the conditional probability of the event B given that the event 4;
occurred.

Bayes theorem

The a-posteriori probability Pr(4;|B) is expressed in terms of the a-priori probability Pr(4;),
the conditional probability Pr(B|4;), and the total probability Pr(B) as follows:

_ Pr(Bl4)Pr(4) _  Pr(B,4)

PI'(A,|B) T
; Pr(B|4;) Pr(4;) ; Pr(B|4;) Pr(4;)

(3.2)

Here Pr(B, 4;) is the joint probability of B and 4.

Independence

The concept of independence plays an important role in signal analysis. Two events 4 and B
are independent if

Pr(4B) = Pr(4) Pr(B) (3.3)

Union bound

Let | 4; be the union of n events 4;, then, we have the following union bound:

i=1
Pr <0Ai> < Zn:Pr(Ai) (3.4)
i=1 i=1

In the following discussion we study random variables that are essential to signal analysis
where they represent decision voltage samples at the receiver

3.2 Random variables

In a digital communication system the received signal representing a symbol is a random
signal due to noise and other factors such as fading. It is processed to achieve the maximum
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signal-to-noise ratio and then sampled to obtain a decision sample for the detector to decide
which symbol had been transmitted. The decision sample is referred to mathematically as a
random variable.

A random variable is a function defined on the sample space. We use a capital letter such
as X for a random variable and the lower-case letter x for the value it assumes. Depending on
the experiment, the random variable X can be discrete or continuous. Let X be a discrete
random variable and let x;, i = 1, 2, ..., n, be the values that X assumes. For each event
{X = x;} and its probability Pr{X = x;} the function

px(x) = Pr{X = x;} i=1,2,...,n (3.5)

is called the (probability) distribution function of X which satisfies py(x;) > 0 and

n

> px(x;) = 1. Now let X be a continuous random variable. The distribution function of
i=1
X is then defined as

Fx(x) = Pr(X <x) —c0<x<00 (3.6)

It satisfies the properties Fy(—o0) =0, Fx(+o00) =1, and Fx(xp) — Fx(x1) =
Pr(x; <X < x;). The density function of X is the derivative of the distribution function
Fx(x) and is given as

dFX ()C)

Siele) == (3.7)

This yields the following equivalent relationship:

"X

Fx(x) =Pr(X <x) = J fx(y)dy (3.8)
The density function satisfies the following properties:

fx(x)dx = 1  Pr(x<x<x) = J

X

X2

Sx(x) dx (3.9

fwzo |

The joint distribution function of two random variables X and Y'is defined as
Fxy(x,y) = Pr(X <x,Y <y) (3.10)
and the corresponding joint density function is

azFXY(xvy)

3.11
Ox Oy G-1D)

fXY(xvy) =

Thus, the density function of either X or Y can be found by integrating its joint density
function with respect to the other variable. We have

Aw=rﬁmw® (3.12)

—00
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Bayes theorem and total probability revisited

For continuous random variables, Bayes theorem is expressed as follows:

Sy (x[) _ SO (x) _ frie R (x)
fr) [ fror (x, ) dx
— Srix Wx)fx (x) _ Fer(x,)
VOl @)de ] froe (o (x)dx

where fx|y(x| y) is the conditional density function of X given Y and the joint density is
given by

(3.13)

Sy (6,3) = frie OPfx (x) = fegy (x)fy (0) (3.14)
If X and Y are independent random variables, then the following relationship holds:
fe(x,y) = fr(O)fy (v) (3.15)

The fotal probability theorem is expressed explicitly above as

Frl) = anx(y\X)fx(X) dx (3.16)

In random signal analysis it is sometimes necessary to get a snapshot of a random
variable, such as a decision sample at the receiver. This can be done via the statistical
averages of the random variable, such as the mean value or expected value X = E(X), the
mean-square value X*> = E(X?), and the variance 0% = Var(X) = E{(X — X)*}. These
quantities are defined for both discrete and continuous random variables as follows:

xfx (x) dx (3.17)

X =E() = Y wpr() X = k() - |

00

X =EX*) =) xpx(x) X2 =E(X?) = J fy (x) dx (3.18)

o2 = Var(X) = E{(X — X)*} = E(X?) — X? (3.19)

The quantity oy is called the standard deviation of the random variable X. The mean and
mean-square values of a random variable are also referred to as its first and second moments.
The nth moment of the random variable X is defined as

=B = 3 px () k) = [ wh@a G20

The above results can be generalized to a function g(X). For example, the expected value of
g(X) is given by

00

E{g(¥)} = Y glx)pr(v) Ben) = | sthpter (2D

—00
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In the following discussion we present the application of probability theory and random
variables to the analysis of digital communication signals from the standpoint of random
processes.

3.3 Random processes
|

In a communication system the received signal is always a random signal due to the fact that
the transmitted signal is subjected to channel distortion and, moreover, because it is
contaminated by noise and possibly unintended or intended interference. Therefore, the
performance analysis of a communication signal cannot be based solely on the theory
developed for deterministic signals. For example, the Gaussian channel required the knowl-
edge of the noise variance (noise power) together with the signal power to establish the
signal-to-noise ratio at the receiver. In order to calculate the noise variance, the statistics of
noise at the receiver must be known a priori. Furthermore, filters employed at the receiver for
signal processing can affect the noise statistics. For example, if Gaussian noise is processed
by a linear filter, will the noise at the filter output still be Gaussian? In this section we study
random processes to provide the background for applying random signal analysis to
communication systems. We use the term random process as customarily cited in the
literature to include noise and other random signals of interest to communication theorists.
We will use a time function to represent a sample of a random process. We consider real-
valued processes unless stated otherwise.

Definition 3.1 A random process is an indexed sequence (ensemble, family) of random
variables. The index can be a real variable ¢ for a continuous-time random process X(7) or an
integer 7 for a discrete-time random process X;.

The definitions of mean value, mean-square value, and variance of a random variable
also apply to a random process. The mean value E{X ()} of a noise voltage X(¢) acrossa 1 Q
resistor represents its dc-component, its mean-square value E{X?(¢)} is the power, and its
variance E{[X (¢) — E{X (¢)}]*} is the ac-power.

Autocorrelation and autocovariance

The most important parameter of a random process is its autocorrelation, which is defined as
follows:

R)((h,lz) :E{X(l‘|)X(t2)} (322)

The autocovariance is simply the autocorrelation of a random process minus its mean value,
that is,

Cx(t1, ) = E{[X(01) — E{X (0)}][X () — E{X(2)}]} (3:23)
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Therefore, the autocorrelation and autocovariance are related by the following expression:

Cx(tl,tz) ZR)((tl,tz) —E{X(tl)}E{X(l‘z)} (3.24)

It is seen that the autocovariance is zero, that is, Cx(#;,,) =0 if and only if
Rx(t1,t,) = E{X(#;) }E{X(#2)}. In this case the two random variables X (¢;) and X (#,)
are uncorrelated. Obviously, if they are independent then the autocovariance is also
zero. Also Ry(t,t) = E{X2(¢)} is the average power of the random process and
Cx(t,1) = Ry(t,1) — [E{X(0)}]* = E{X2(1)} — [E{X(1)}]* = Var{X(¢)} is its ac-power.

Example 3.1 Autocorrelation of a sequence of antipodal signals

Consider an antipodal signal sequence X () = Z d; p(t — iT,) that represents independ-

ent and equally likely bits {0, 1}, where p(¢) is the squared pulse shape of unit amplitude and
duration 7}, which is a bit time, and d; € {1, —1) represents the normalized signal ampli-
tudes. The mapping 0 — 1 and 1 — —1 maps bit 0 to amplitude 1 and bit 1 to amplitude
—1 (the mapping 0 — —1 and 1 — 1 maps bit 0 to amplitude — 1 and bit 1 to amplitude 1
would give the same result). Since the amplitudes are equally likely, the mean value of this
random process is zero. Consider the times ¢; = ¢ and t, = t + t, where 7 is an arbitrary
time interval. We have

Ry(t, t+7) = B{X(NX(t+ 1)} = E{X()}E{X (¢ + 1)} =0, || >T,  (3.25)

since the process has zero mean and the bits are independent. For |t| <T}, and with an
arbitrary time index i = 0, let us assume that the time origin 7 of the zeroth bit is uniformly
distributed in the bit interval T}, (without any knowledge about the location of the time origin
the uniform distribution is the worst-case assumption), we have

Rx(t, t+17)=E{X0X(t+7)}, 0<t+7 < T

P Ed = Bt = -2 0<<T

0 Ty Ty’
o T, 2 T, (3.26)
L';(:I:l) ledtZ”T—h'H: l—i—TLb, T, <1t<0
=1 ,ﬂ, |7| < Tp = Rx(7)
T,
Rx(T)
1
4T,
t > 1 1 T
1, o T ar, 3% 1, 0 T,

(a) (b)

(a) Antipodal signal; (b) corresponding autocorrelation.



84

Random signal analysis

Thus, the random sequence of antipodal signals with a uniform time origin has a triangular
autocorrelation, which depends only on the time difference |t| = |t, — 1|, that is,
Rx(t, t+ 1) = Rx(7). Note that Ry (0) = 1 as expected. Figure 3.1 shows the representa-
tive antipodal signal sequence and its autocorrelation.

In the above analysis we assume that the time origin of the zeroth bit is uniformly
distributed in the bit time 7T,. This is equivalent to shifting the process X(¢) by a time
delay A uniformly distributed in a bit time and independent of X(¢).

]

Example 3.2 Autocorrelation of a sequence of on—off keying (OOK) signals
o0
Consider an OOK signal sequence X () = > d;p(t —iT,) that represents independent
i=—00

and equally likely bits {0,1}, where p(?) is the squared pulse shape of unit amplitude and
duration T}, which is a bit time, and d; € {1, 0} represents the normalized signal amplitudes.
The mapping 0 — 1 and 1 — 0 maps bit 0 to amplitude 1 and bit 1 to amplitude O (the
mapping 0 — 0 and 1 — 1 maps bit 0 to amplitude 0 and bit 1 to amplitude 1 would give
the same result). We assume that the time origin is uniform in a bit time 7). The mean value
of this random process is

EX(0} = 3 E(d) E{pli— i7,)}

i=—00

(3.27)
00 iTp+Tp 1
=0.5 E 1)—dt=0.5
i——00 J[T/, ( ) Tb

The process Y (¢) = X (¢) — 0.5 therefore represents an antipodal signal sequence of ampli-
tudes 0.5 and —0.5. Since X (¢) = Y(¢) + 0.5 the autocorrelation of X{(¢) can be obtained
from that of Y(#), which has been derived in the previous example. Consider the times
t; =t and t, =t + t, where 7 is an arbitrary time interval. We have

Ry(t, t+7)=E{Y()Y(t+1)}, 0<t+7 < T

Ry e (3.28)
3 7,) =t

And consequently the autocorrelation of the OOK signal sequence with a uniform time
origin is given as

Ry(t, t+1) = Ry(t, t + 1) + 0.5
1(1—‘1')+l | < T
_N (3.29)
‘1—‘, |T‘>Tb

= Rx(T)
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Rx(7)

} } > 1

T
T, 0 T, o1, 3T, 47, -, 0 T,
(@) (b)

(a) OOK sequence; (b) corresponding autocorrelation.

Thus, this autocorrelation depends only on the time difference |t| = |t, — 4], that is,
Rx(t, t +1) = Ry(t). Figure 3.2 shows the representative OOK sequence and its
autocorrelation.

[

Types of random processes

Definition 3.2 A random process is stationary (or strict-sense stationary) if the joint
distribution of any set of samples is invariant with a shift of the time origin. In other
words, the statistical properties are unchanged if the random process is shifted in time.

Stationarity is a strong property and not easily verifiable in practice. Instead communi-
cation theorists rely on a milder property called wide-sense stationarity.

Definition 3.3 A random process is wide-sense stationary (WSS) if its mean value is
constant and 1its autocorrelation is a function of the time difference, that is,
Rx(t,t) = Rx(t, — t1), or, for notational convenience, Rx (¢, ¢+ 7) = Ry (7).

A stationary process is obviously wide-sense stationary but not necessarily vice versa.
The antipodal signal and OOK signal sequences with uniform time origin are both WSS
processes. For a WSS process we have

Ry (0) = E{X*(1)},Ry(r) = Ry(—7),[Rx(z)] < Rx(0) (3.30)

Definition 3.4 A random process is cyclostationary (or strict-sense cyclostationary) with
period Tif the joint distribution of any set of samples is invariant to a shift of the time origin
by integer multiples of 7. In other words, the statistical properties are unchanged if the
random process is shifted periodically in time.

Cyclostationarity is a weaker form of stationarity and many physical processes possess
this property.

Definition 3.5 A random process is wide-sense cyclostationary (WSCS) if its mean value
and its autocorrelation are periodic in time ¢ with some period 7, that is, they are invariant to
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a shift of the time origin by integer multiples of 7. In other words, we have
my (t) = my(t +iT), where my (¢t) = E{X(¢)}, and Ry (t; + iT,t, + iT) = Rx(t1, ta).

The antipodal signal and OOK signal sequences are both WSCS random processes given
a fixed time origin. But if we assume the time origin is uniform over (0, 7)) and average out
the mean and autocorrelation we obtain a constant mean value and an autocorrelation of the
time difference.

Example 3.3 Wide-sense cyclostationary process
Consider a signal sequence X (¢) = i dip(t — iT,) that represents independent and
equally likely bits [0,1] where d; € {1, —1} represents the normalized signal amplitudes.
The mapping 0 — 1 and 1 — —1 maps bit 0 to amplitude 1 and bit 1 to amplitude —1 (the
mapping 0 — —1 and 1 — 1 maps bit 0 to amplitude — 1 and bit 1 to amplitude 1 would
give the same result). Also, p(f) is the half-squared pulse shape of unit amplitude
and duration Tj, which is a bit time, and is defined as p(¢) =1, 0 < ¢<T,/2 and
p(t) =0, Tp/2 < t<T,. A sample function of this signal sequence is shown in Figure 3.3.
We wish to evaluate the mean value and autocorrelation at different fixed time origins t.
We consider two cases with a common time delay = T} /4 and two time origins ¢ = 0 and
t=3T,/4 as follows:

E{X(0)} =0
(3.31)
E(X(3T,/4)} = 0
Rx(0,T5/4) = E{X(0)X(T,/4)} = 1
(3.32)

Rx(3T,/4,T;) = E{X (3T, /4)X(T)} = 0

Since the autocorrelation depends on the time origin the process is not WSS. Let us examine
the mean value and autocorrelation of this random process in general. We have

E{x()} = E{i dip(t — in)} = ZE(dt)P(t — iT})

1I=—00

(3.33)
=E(d) Y _p(t—iTy)

p@) X(r)

t t . >
o T, 0 L T, 3T, 4
o 2

2

(a) (b)

(a) Half-squared pulse shape; (b) sequence of half-squared pulse shapes.
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Rx(t, t+17) =E{X ()X (t+1)} = E{i dip(t —iT}) 290: dip(t+7 —ij)}
= Z Z E(didj)p(t — iTy)p(t + 7 —jTs) (3.34)

Using the fact that E(d;) = 0, and E(d;d;) = 1, i =j and E(d;d;) =0, i # j , we obtain
E{X(#)} =0,and Ry (¢, t + 1) = > p(t — iTp)p(t + © — iT}) is time-varying but periodic
with period T},. Thus, for a fixed tim'e origin, this random process is a WSCS process.

L]

Digital signal sequences that are often found in practice are wide-sense cyclostationary
processes in nature. This property implies that the sequence’s mean value and autocorrela-
tion are periodic in 7 (bit or symbol time). Therefore, these statistical averages possess
Fourier series with a harmonic at frequency 1/7, the data clock rate. This provides a means
for designing timing recovery circuits to extract the data clock signal, for the purpose of
sampling the received signal to obtain a decision sample for bit or symbol detection to
recover the transmitted information. The following theorem shows how a WSS process can
be derived from a WSCS process.

Theorem 3.6  (Conversion of a WSCS process into a WSS process) If X(¢) is a WSCS process
with periodic mean value my (t) and autocorrelation Rx (t, t + t) of period T, then the shifted
process Y(t) = X (¢t — A), where A is a uniform random variable in (0, T) and independent of
X (%), is a WSS process with constant mean and t-invariant autocorrelation given by

0
. (3.35)

Ry(T) = *JO R)((t, [+‘L’) dr

Proof With the time delay A independent of the process X(¢) and my (¢) periodic with
period 7, the mean value of ¥(¢) is given by

my = E{X(t — A)} = E{ELX(t — A)[A]} = E{my (1 — A)}

(7 (7 (3.36)
= TL my(t —A)dA = ?JO my (t) dt

Also, with Ry (¢, t + 1) periodic with period 7, we have
Ry(t) =E{X(t—ANX(t+7—A)}=E{EX(t - AX(t+7—A)|A]}

=E{Ry(t—A, t+1—A)} (3.37)

1 (" 1(r
:—J Rx(t—A, t+7—A)dA :—J Rx(t, t+1)dt
T Jo T Jo
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The above theorem enables us to calculate the fime-averages of the mean value and
autocorrelation of a WSCS process. This will prove to be very useful in dealing with the
power spectral density of the process, which will be covered later. In fact, since the
autocorrelation function of a WSCS process is a function of both ¢ and z, its power spectral
density is not defined. By doing time-averaging we can convert a WSCS process into a WSS
process so that its power spectral density can be calculated.

So far we have presented examples of WSCS and WSS processes that are of lowpass or
baseband types, such as the antipodal and OOK signal sequences. The waveform that
represents a bit is a lowpass waveform (such as the squared pulse shape) whose amplitude
spectrum (the magnitude of its Fourier transform) centers on the zero frequency. In the
following examples we present two cases of digital signals that are of bandpass or modu-
lated types, used to carry information over high-frequency channels.

Example 3.4 Sequence of phase shift keying signals
If we multiply an antipodal signal sequence with a carrier cos 2zf.t at carrier frequency f,. we
o0
obtain a PSK signal sequence X (¢) = Y. d;p(¢—iT,)cos 2zf.t. By convention we
i=—00
assume the carrier frequency is integer multiples of the bit rate 1/7,. The mean and
autocorrelation of this bandpass process are given by

E{X(¢)} = E{ i dip(t —iT,) cos 27rfct} = ZE(di)p(t —iT}) cos 2xf.t

(3.38)
= E(d)) Zp(t —iTy) cos 2af.t

and

Ry(t, t+1) = E{X()X(t + 1)}

= E{ i dip(t — iT,) cos 2xf.t i dip(t+ 1 —jTp) cos 27rfc(t+r)} (3.39)

j==o0

Using the fact that E(d;) = 0, and E(did;) = 1, i =j and E(d;d;) = 0, i # j, the mean
value of the process is zero, that is, E{X(z)} = 0, and the autocorrelation Ry (¢, t + 1) =
%Zp(t —iTy)p(t + v — iTp)[cos 2af,r + cos (4xfet + 2xf.T)] is time-varying but periodic

with period Tj,. Thus for a fixed time origin, this random process is a WSCS process.
To convert this WSCS process into a WSS we need to time-average the autocorrelation
function using the same procedure as used in the case of the antipodal signal sequence.
By introducing a uniform time shift into the data sequence but not the carrier we obtain a
WSS PSK signal sequence. Therefore, the time-averaged autocorrelation function is given
as follows:
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1 Tb—lrl> 1 ( |r|>
Ry(r) = ———— | cos 2xfr = 1 —— | cos 2xf.7, |t| < T,
w0 =5 ("5 f Weosauge b <1

Example 3.5 Sequence of quadrature phase shift keying signals
The QPSK signaling requires two carriers, namely, an in-phase carrier cos 27xf.t (I-carrier)
and a quadrature carrier sin 2zf.t (Q-carrier). The iid data bits {0,1} are grouped in pairs to
form four distinct symbols [00,01,10,11]. The four symbols are mapped into the amplitude
pair (I, Q) as shown in Table 3.1. Note that the amplitudes I and Q are independent and have
zero mean.

Thus the QPSK signal sequence can be represented as follows:

o0

X(t) =" [p(t—iT,) cos 2afet — Qip(t — iTy) sin 2zf.l] (3.41)
where T is the symbol time, which is twice the bit time, and the carrier frequency is taken to
be integer multiples of the symbol rate 1/7;. We observe that the QPSK signal sequence is
the sum of two orthogonal PSK signal sequences at the symbol rate, and that both are WSCS
processes. Thus, the QPSK signal sequence is itself a WSCS process. If we convert this
WCCS process into a WSS process by assuming a uniform time origin over (0, T), we
obtain a mean value of zero and a time-averaged autocorrelation identical to the sum of the
autocorrelations of two orthogonal PSK signal sequences with T} replaced by 7, and
amplitude +1 replaced by +£+/2/2, as follows:

1
Ry(r) == <l - |%> cos 2zfer, |t| < T

2 5 (3.42)
=0, 7| > T
The QPSK signal sequence can be represented in complex notation as
X(t) = X;(t) cos 2nf.t — Xp(t) sin 2xf.t
(3.43)

= Re{X(¢) e}

Table 3.1 QPSK symbol mapping

Symbol number Input bits 1 Q

1 11 +v2/2 +v2/2
2 01 —/2/2 +/2/2
3 00 —/2/2 —2/2
4 10 +v2/2 —V2/2
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where X;(7) is the complex envelope (equivalent lowpass process, or baseband process) of
the bandpass process X(¢) and is given by

X1 (1) = Xi(1) +jXo(1)

> . > . (3.44)
Xi(0)= ) Iplt—iTy), Xo(t)= ) Oplt—iT)
The autocorrelation of the complex envelope is defined as
Ry, (t, t+1) = E{XL ()X (t + 1)} = Rx, (¢, t + 1) + Ry, (¢, t + 1) (3.45)

Because the amplitudes /; and Q; are iid, the in-phase process X;(¢) and the quadrature
process Xp(t), both with zero mean, are independent and therefore their cross-correlations
Ry,x,(t) = E{X;(t)Xp(t + 1)} and Ry,x, (z) = E{Xp(¢)X;(t + )} are both zero. Note that
the time-averaged autocorrelations of X;(t) and Xy(t) are identical and are given by

1 T
Rol) = Re0) = 5 (1-01). 1 <7,

=0, lo| > Ts

(3.46)

The time-averaged autocorrelation of the complex envelope X (¢) is simply the sum of two
time-averaged autocorrelations Ry, (t) and Ry, (z), thus, Ry, () = Ry, (z) + Rx,(z). On the
other hand, the time-averaged autocorrelation of the bandpass process X(¢) is given by
Ry (t) = §[Rx, (1) 4 Rx, ()] cos2af.t = Ry, (t) cos2xf.r = iRy, (r) cos2xf.t.

(]

Definition 3.7 A bandpass signal X (7) = X;(¢) cos 2xf.t — Xp(¢) sin 2zf.t belongs to a
class of jointly wide-sense stationary processes if and only if it possesses the following
properties:

1. The in-phase process X;(¢) and quadrature process Xy () are jointly WSS and have zero
mean.

2. RX](‘L') :RXQ(T).
3. RXIXQ( T) = E{‘Xl(t)XQ(t + T)} = _RXQX[( T) = _E{XQ(t))(](t + T)}

The time-averaged autocorrelation of the WSS bandpass process X(¥) is given as

Ry (7) = 4Ry, (1) + Ry, (7)] cos 2afct — §[Rx,x, (z) — Ry, (7)] sin2afez

. (3.47)
= Ry, (r) cos2xfet — Ry,x,(7) sin2xf.t

If, in addition, the in-phase and quadrature processes are uncorrelated, that is, Rx,x, (1) =
E{X;(t)}E{Xy(t + 7)} = 0 for all 7 (this also implies that they are orthogonal), then the
time-averaged autocorrelation of X(f) is reduced to the following expression:
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Rx(7) = Rx,(7) cos2xf,t = %RXL (7) cos2xf.t (3.48)

where X (f) = X;(¢) + jXp(?) is the equivalent lowpass process of X(¥) and its autocorrela-
tion is Ry, (v) = E{Xz (1) }E{X; (t + 1)}

So far we have dealt with ensemble averages (statistical averages) of a random
process. This can be achieved if a large number of sample functions (realizations) of the
random process are available. In practice, we perform measurements on a single sample of a
random process to obtain time averages instead. This results in the estimation of the
ensemble averages if the length of the available sample is very long. In that case, we expect
the sample function to be typical of all realizations of the random process. This property is
referred to as ergodicity. The following theorems establish the criteria for a random process
to be ergodic.

Theorem 3.8  (Slutsky theorem) 4 WSS process X(t) is said to be mean-ergodic, that is,

1 T
2T J,TX([) dr e E{X(?)} (3.49)
if and only if
1 T
?L Cx(z)dr T:;OO (3.50)
[

Theorem 3.9 A WSS process X(¢) is said to be autocovariance-ergodic, that is,

% J_T [ (1) = E{X ())}][X (¢ +7) — E{X()}]} dr_— Cx(7) (3.51)
if and only if
1 T
?L Cr(r)dr, = 0 (3.52)

where Y (t) = X ()X (¢t + A) and Cy () is its autocovariance, given by
Cy(r) = E{X()X(t + NX(t +7)X(t + A+ 1)} — C2(A) (3.53)

The result also applies to autocorrelation-ergodic processes if we replace the autocovar-
iance with autocorrelation. Also the process is variance-ergodic if we set A =0 in the
autocovariance Cy (7).

[



92

Random signal analysis

Example 3.6 Sequence of quadrature phase shift keying signals revisited

The QPSK signal sequence with uniform time origin is a WSS process with zero mean and
autocorrelation (and hence covariance) given in (3.48). So the time average of the autocor-
relation is

1

JTCX(r)dr IJT l—M cos 2xferde, |t] < T
7), 27 ), T, =

=0, elsewhere

(3.54)

The integral approaches zero as T — oo, and when f. is integer multiples of 7 the integral is
zero independent of 7. Therefore the sequence is mean-ergodic.
(]

Definition 3.10  The normalized autocovariance of a WSS process is defined as

_ G(@)
Cx(0)

Px(7) (3.55)

We note that as the delay time 7 increases the process decorrelates, that is, it loses its
correlation. Thus, it makes sense to define a delay spread to reflect this characteristic of the
process.

Definition 3.11  The delay spread t, of a WSS process is the delay time beyond which the
normalized autocovariance remains below 0.1, that is,

lox(2)] < 0.1 for all z>1,4 (3.56)

The normalized autocovariance of the QPSK signal sequence with uniform origin is a
scaled version of its time-averaged autocorrelation. The delay spread is t4 =~ 0.97;. By
observation we see that the autocorrelation is zero for |z| > T, that is, the sequence looses
its correlation after one symbol time. Hence the delay spread gives a fairly accurate
prediction of the decorrelation. We note that the inequality (3.56) is purely empirical and
can be adjusted to fit any decorrelation requirement.

Power spectral density

In the previous chapter we established a relation between the autocorrelation of a determin-
istic signal and its power spectral density, that is, they form a Fourier transform pair. This
same relation holds for a WSS process and for convenience we restate it here.

Definition 3.12 The power spectral density Sy (f) and the autocorrelation Ry (z) of a WSS
process X(#) form a Fourier transform pair known as the Einstein—Wiener—Khinchine relation:

00

Sx(f) = J Ry (r) e " dr = F[Ry (7)) (3.57)

—00
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Sx(f) e df = F~'[Sy(f)] (3.58)

Theorem 3.13  (Einstein—Wiener—Khinchine theorem) The power spectral density of a WSS
process is given by

S(f) = Jim B FX )P} = J  Re()e 2 dr (3.59)

—00

if the following condition holds:

JOO |tRx (7)| dr < o0 (3.60)

—00

where X7 (t) is a 2T-truncation of a single sample of the random process X(t) and F[ X7 (t)] is
its Fourier transform.

Proof We consider the truncated version of a sample function for the reason that it is not an
energy signal and may not have a Fourier transform. We have

Xr(t)e 2 dr = J X (1) e 2 dt (3.61)

-T

Fltr(o) = |

—00

Therefore,

1 T . T .
2TE{|F[XT(t)]|2}—E{J X (1) e dy, J X (1r)el2 dtz}
-T -T
T T L
:—J J E{X(1) X (1) ye 7172 4y, dr, (3.62)
-TrJ-T1
:LJT JT Ry(tr — 1) e 2707 duy dry
2T) 7 ) ¢

Making the change of integration variable as t = #; — #,, we have

1 2 1 T T—t —j2f
i e ) [ e _TJ_T_tzRX(r)e T de diy

1 0 T L 1 2T ¢T—1 o
- J RX(r)e*ﬂ”f’dtde—J J Ry(r)e " dr, dr

2T ) or )7 2T Jo )1
= %J 02T (2T 4 7)Ry (r)e 77 dr + % J(Z)T (2T — 7)Ry()e " dr
_ 2 —2afr 3. _ = I7| —j2nft
=), (2T — |7])Rx (r)e ™" dr = J72T <1 - ﬁ>RX(r)e T dr

(3.63)
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In the limit as 7 — oo the periodogram E{ |F [Xr(t)]|2} /2T becomes the power spectral
density.
]

The periodogram is a nonnegative function for all frequencies, consequently, the power
spectral density is also a nonnegative function for all frequencies, that is,

Sx(f) > 0forall f (3.64)

Furthermore, since the autocorrelation is real and even, the power spectral density is an even
function, hence

Sx(f) = Sx(~f) (3.65)

The power of the WSS process is given by

P=EQC0) =R = | sc) o (3.66)

Example 3.7 Power spectral densities of digital signal sequences with squared pulse shape
The power spectral density of a digital signal sequence of uniform time origin is the Fourier
transform of its autocorrelations. We have added the amplitude +4 to the original sequence,
which also has the amplitude £1 to make the results more general.

Antipodal: Sy(f) = AT, (Siz f’;’;T b) 2 (3.67)
OOK: Sy (f) = —A2 (smf”TfT ”) n 4A25(f) (3.68)
- 23 [ (S0 (2]
o sin - SZ (A (] o

Jointly WSS process with uncorrelated in-phase X;(f) and quadrature Xp(¢) data
sequences and complex envelope, X; (1) = X;(t) + jXo(1):

S(1) = 3155 —£) + S 1) = 310 —£) + S +10)] 3.7
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Power spectral densities of various random processes: (a) antipodal; (b) 00K; (c) PSK; (d) QPSK.

Figure 3.4 shows the power spectral densities of the antipodal, OOK, PSK, and QPSK
signals.
[

Linear filters are used in communication systems for signal processing purposes,
such as limiting noise within a prescribed bandwidth, shaping a signal spectrum to meet
the FCC requirement, rejecting the out-of-band interference, and so forth. Therefore,
it is necessary to know the response of linear filters to random processes. We will
consider a linear time-variant filter with impulse response /() and corresponding Fourier
transform H(f).

Theorem 3.14  Let the input X(¢) of a linear time-invariant filter with impulse response h(f)
and corresponding Fourier transform H(f") be a WSS process with power spectral density
Sx(f) and autocorrelation Rx(t). The output Y(t) of the filter is also a WSS process with
power spectral density Sy (f') and autocorrelation Ry (t) given by

Sy(f) = [H()Sx (f) (3.72)

Ry(z) = h(z) x h*(—7) * Rx (1) (3.73)
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Proof Let X7(¢) be a 2T-truncation of a single sample of the random process X(¢) and
F[Xr(t)] be its Fourier transform. Also let Y7(¢) be the response of the filter to the input
Xr(t). We have

E{F R} = mE{IH0F 0P}

(3.74)
~ 1P (7 { P 0} )
Taking the limit as 7 — co we obtain
$10) = Jim S BP0 } = 1HG0P Jim B}
= |H(f)]*Sx (f)
We also have
Sy(f) =H()H (f)Sx (/) (3.76)

Taking the inverse Fourier transform of Sy (/') and realizing that the inverse Fourier trans-
form of H*(f') is h*(—1) we obtain

Ry(z) = h(z) * k" (—7) * Rx(7) (3.77)

Example 3.8 Power spectral density of a digital signal sequence with arbitrary pulse shape
In Example 3.7 we calculated the power spectral densities of digital signal sequences
employing a squared pulse shape. This particular pulse shape yields a (sinx/x)2 power
spectral density that requires an infinite bandwidth, although about 90% of the sequence
power is contained within the null-to-null bandwidth. In practice, other pulse shapes that
yield finite bandwidth may be used such as the raised-cosine pulse shape. We wish to derive
the general expression for power spectral density for an arbitrary pulse shape in this
example. We consider a WSCS digital signal sequence X () = i d;p(t —iT) and con-

vert it into a WSS process by assuming a uniform time origin over (0, 7), where 7'is a bit time
or a symbol time depending on the type of digital signal. The data d; can be real or complex. If
it is complex, the process represents the envelope of another bandpass process. The pulse
shape p(?) is assumed to have a Fourier transform P(f’). The autocorrelation of the sequence is

Rx(t, t+7) =E{X*())X(t + 1)} :E{ zoo: d: p*(t—iT) i dfp(t+r—jT)}

i=—00 Jj=—00

= ZZE(d,-*dJ)ELU*(t— iT)p(t+7—T)] (3.78)
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The term E(d;d}) is the autocorrelation of the data and is denoted as R (i —j). Hence

Ry(t, t+1 ZZRdz— J “(t —iT)p(t + 7 —jT)dt

:—ZRd ZE p (Wp(i+1—mT)da
:—ZRd J “Wp(h+17—mT)dL 3.79)

;ZRd(M)[P(T —mT) xp*(=7)]

= Rx(‘[)

Taking the Fourier transform of the autocorrelation we obtain
Sy (f Z Rd 7j27rijP* (f)]
TIPS Ry(my e 2

m

(3.80)

= 2P s

The term S;(e?%7) = 3" Ry(m) e 2T = DTFT[R,(m)] is the discrete-time Fourier

transform of the autocorrelation of the data sequence.

White data

The data sequence {d;} is said to be white if its autocorrelation R,(m) and its discrete-time
Fourier transform Sy (e”%T) are given by

Su(e Y =1, Ry(m) = {éZ o (3.81)

Thus, for white data that is encountered in practice, the power spectral density is simply
|P(f) |*/T. In the case of the antipodal signal sequence with squared pulse shape of duration
T, its Fourier transform is given by P(f) = T(sinzfT /zfT) and we get the previously
derived result.

n

Definition 3.15  The coherence bandwidth B, of a WSS lowpass process is defined as one-
half the inverse of its delay spread z,:

Lowpass: B, =— (3.82)

Furthermore, the coherence bandwidth of a WSS bandpass process is the inverse of the
delay spread of its in-phase or quadrature process:
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Bandpass: B, =— (3.83)

The coherence bandwidth of a WSS antipodal signal sequence is B, = 1/27; ~
1/(2 x 0.97,) = 0.55/T,. This is about 55% of its first-null bandwidth.

The coherence bandwidth of a WSS QPSK signal sequence is B.=1/7; =~
1/0.97; = 1.11/T;. This is about 55% of the null-to-null bandwidth.

In communications the channel noise is composed of thermal noise generated by elec-
tronics components in the receiver and cosmic noise from the sky. These noise processes
have a constant spectrum that extends to very high frequencies beyond the frequency band
of all communication signals. Therefore, they are commonly modeled as noise with ideal
constant power spectral densities that extend to infinite frequency.

Definition 3.16 The WSS process n(?) is called white noise if it has the following power
spectral density and autocorrelation:

s =" R =0 (3.84)

where N, is a constant to be discussed in Chapter 5.
The term white noise is employed in analogy with white light, which is light that contains
all frequencies.

More properties of WSS bandpass processes

In the following discussion we present some more properties of a WSS process that are
helpful in the analysis of random signals, especially noise. As usual, we consider the jointly
WSS bandpass process

X(t) = X;(t) cos 2xf.t — Xp(t) sin 2zf.t (3.85)
By direct substitution, the lowpass in-phase and quadrature processes can be expressed in
terms of the bandpass process and its Hilbert transform X (1) = 1/zt + X (¢) as follows [1,2]:
X;(t) = X(t)cos 2af.t + X (¢) sin 2xf.t

Xo(t) = X(t) cos 2xfot — X (¢) sin 2xfet (3.56)
Furthermore, it can be shown that the autocorrelations of both X;(¢) and Xy (¢) are given by
Ry, (1) = Rx,(7) = Rx(r) cos2nf.t + Rx(r) sin2xf,t (3.87)

where Ry (f) = 1/xt * Ry (t) is the Hilbert transform of Ry (z). In addition we get
Ry.x,(7) = —Rx,x,(7) = Ry(r) sin2xfer — Ry(r) cos2xf.t (3.88)

Note that the Fourier transform of Ry(f) = 1/zt % Rx(z) is —jsgn(f)Sx(f). Therefore,
taking the Fourier transform of both sides of (3.87) we obtain

1

Su(1) = S (1) = 3 [1 = sen(f —£ISx(f o) + 3 [1+ se0(f +£)]Sx(f +£2) (3:89)
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The Fourier transforms of the crosscorrelations Ry, x, ( 7) and Ry, ( ) are referred to as their
cross-spectral densities. From (3.88) we have

[ .

Sxixo(f) = =Sxox, (f) = —3 (1 —sgn(f — fo)] Sx (f — fo) + 5 [1 +sgn(f +£o)] Sx (f + 1)

(3.90)

N [ —

Bandlimited WSS bandpass processes

When the power spectral density of the bandpass process X(¢) is strictly limited to a
frequency band f, — B < |f| < f.+ B, where f. > B, then the power spectral densities
of both in-phase and quadrature processes simplify to the following expression

Sx, (1) = Sxo(f) = Sx(f = fe) + Sx(f +/e), IfI<B

o, |f| > B (3.91)

In addition the cross-spectral densities of the in-phase and quadrature processes become

Sxixo(f) = =Sxox, (f) = JISx(f + /o) — Sx(f —=fo)], fI <B

_o, || > B (3.92)

When the power spectral density of the WSS bandpass process is symmetric around the
carrier frequency +f. then

Sx(f+/e) = Sx(f —fo), IfI <B (3.93)
Consequently,
Sxixo () = =Sxoxi (f) = 0 = Ry (1) = =Ry (1) = 0 (3.94)

And the in-phase and quadrature processes are uncorrelated. Figure 3.5 illustrates the power
spectral densities of strictly bandlimited white noise n(t).

S Su(=5,(f)
No
1M
2
—fC—B_}C ~f.+B f.-B —fI(- f.+B ! B 0 B

(a) (b)

(a) Power spectral density of bandlimited white noise process. (b) Power spectral density of in-phase and quadrature
noise processes.
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3.4 Gaussian process
|

The Gaussian process plays an important role in communication theory. Noise in a commu-
nication channel is modeled as a Gaussian process and the detection theory of signals in
noise is developed based on this assumption, and can be accurately verified by measure-
ments. In this section we discuss some basic properties of the Gaussian process and its
applications to communication theory

Definition 3.17 The Gaussian process X(t) is characterized by a set of n jointly Gaussian
random variables X, = X (t1), ... , X, = X(t,) for all n and #,. The joint density function of
the random variables is given by

—(x—X)'’K' (x—X)/2

(27z_)n/2 |K|l/2

(S

Sx(x) = (3.95)

where X = (X7 X> ... Xn)t, X is the mean of X, and K is the n x n covariance matrix
defined as K = [Cx(#;,1)], where Cx(;,1;) = E{(X; — X;)(X; — X;)}. The symbol [K|
denotes the determinant of K as usual.

Example 3.9 Independent and identically distributed Gaussian random variables

Consider a discrete-time Gaussian sequence of n iid random variables of mean m
and variance o¢°
matrix. The corresponding density function is given by the product of n Gaussian density
functions,

. The covariance matrix is K = ¢?I, and I, is the n x n identity

1 - i (xj—m)* /202
p

T (3.96)

fx(x) =
We note that if the »n Gaussian random variables are uwuncorrelated, that is,
Cx(t;,t;)) = 0, i # j, then they are automatically independent.
[ ]

Linear transformation

In a communication system Gaussian noise is processed by linear filters of various kinds
such as the matched filter and integrator for signal processing. Linear filtering does not
change the Gaussian nature of noise as we will subsequently show. The following theorem
shows that a linear transformation of a sequence of jointly Gaussian random variables
preserves the Gaussian property.

Theorem 3.18  The linear transformation of a jointly Gaussian vector is another jointly
Gaussian vector.
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Proof Consider a jointly Gaussian vector X = (X; X, --- X,)" with mean X and cova-
riance matrix K. We now consider the following linear transformation:

Y = AX (3.97)

where Yis the linear transformation of X, and A is an n X n nonsingular matrix. We wish to
find the density function of the random vector ¥, which can be calculated by the following
general expression:

fr(») = fx(x)/|J (v, x)| (3.98)

The parameter J is the Jacobian of the transformation and is given by
J(y,x) = |0y/0x| = |[0y;/0x;]|. For the linear transformation we get J(y,x) = |A|.
Substituting X = A~ ¥ we obtain the density of ¥:
—(ATly-ATTY)'K T (AT ly-ATY) 2
(27)" K[ A|
e~ -1 (AT KA (y-Y)/2

(2z)"*|K|'*|A]

S

fr(y) =

(3.99)

which is a jointly Gaussian density function. By integrating on (n — 1) variables y; from —oo
to oo the remaining variable is shown to be a Gaussian density function. Thus, we conclude
that a linear combination of » jointly Gaussian random variables is a new Gaussian random
variable.

[

Example 3.10 Integral of a Gaussian process

The integral of a Gaussian process occurs in signal detection in noise. Therefore, it is
necessary to examine the output Y(¢) of an integrator when the input process X(¢) is Gaussian
and characterized by a joint density function. We have

Y(t) = JI X(r)de (3.100)

This integral can be approximated by a sum of # terms as
n
Y(£) ~ Y X(5(1)) Agy(t) (3.101)
=

which converges to the exact value as n — oo and Az;(f) — 0. This is a linear combination
of n jointly Gaussian random variables. Hence, for a given ¢, Y(¢) is a Gaussian random
variable.

[
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Example 3.11 Response of a linear filter to a Gaussian process

The integrator treated in the above example is the special case of a linear filter. We wish to
generalize the above result to any linear filter with impulse response /(7). Again, considering
a Gaussian process X(7) at the input of the filter, the output process Y(?) is given by the
convolution operation as

Y(t) = J h(t —7)x(r)dr (3.102)

—00

We can approximate this integral by a sum of # terms as
Y() = > h(t—17)x(z)) Ay (3.103)
=1

which converges to the exact value as n — oo and Ar; — 0. This is a linear combination
of n jointly Gaussian random variables. This holds for any #, hence Y(¢) is a Gaussian
process.

[

The above examples show that the Gaussian process is closed under a linear operation.
That is, any linear operation on a Gaussian process produces another Gaussian process.
This forms the basic foundation for detection of random signals in Gaussian noise that are
processed by a linear system. Only the impulse response of the system, the mean, and
autocorrelation of the input process are required to completely characterize the density
function of the output process and hence the calculation of the probability of detection or
error of any output sample.

Theorem 3.19  The response of a linear system to an input Gaussian process is also a

Gaussian process.
]

Sampling

The sampling theorem plays an important role in the processing of deterministic signals. In
the following discussion we show that the same sampling theorem can be applied to a strictly
bandlimited white Gaussian process to produce independent Gaussian samples. This pro-
vides an alternative means of analyzing a continuous-time signal as a discrete-time sequence
and the derivation of the information capacity of a strictly bandlimited white Gaussian
channel.

Theorem 3.20 (Sampling Theorem) The samples of a strictly bandlimited zero mean
white Gaussian process taken at the Nyquist rate are independent Gaussian random
variables.
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Proof Let us consider the white noise process n(f) with the following power spectral
density
No
Sn =5 S B
) 2 d (3.104)
0, otherwise

The corresponding autocorrelation is the inverse Fourier transform of the power spectral
density and is given as

sin 2z Bt

Consider two Nyquist samples taken at time #; = i7 and #, = ;T for integers i and j, where
T = 1/2B. Since the mean of the process is zero, the autocovariance is the same as the
autocorrelation, hence

Coltr, 1) = Ry(tr, 1) = Ry[(j — i)T] —NOB(%) (3.106)

which is zero when i #j for any i and j. This proves that the Gaussian samples are
uncorrelated and hence independent.
[

Sufficient statistics for signal processing in white Gaussian noise

In the following discussion we consider the case of signal processing in white Gaussian
noise. We are particularly interested in obtaining the statistics of a transmitted signal that has
been contaminated by noise for the purpose of detection. The detection of signal in noise
will be studied in Chapter 7. Such a communication channel is often referred to as an
additive white Gaussian noise (AWGN) channel. Suppose we consider a set of M digital
signals s;(z), i=1,2,...,M, as described in Chapter 2, and that each of them can be
represented by a linear combination of orthonormal basis functions x;(¢) , k = 1,2,...,L,
via the Gram—Schmidt orthogonalizing procedure. We have

L
si(t) = suxi(d) (3.107)
k=1
where, for each i and k,
s = J si()e(e) dt (3.108)

The coefficients s; contain all the information about the transmitted signal s;(¢). Now
consider an AWGN channel with noise () having power spectral density Ny/2. There is
no constraint on the bandwidth of noise so that its autocorrelation is R,(t) = (No/2) 6(z).
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The signal plus noise at the receiver input is modeled as the sum of a transmitted signal s;(¢)
and noise n(?) as

X(t) =s;(t) +n(2) (3.109)

How do we extract the information in the transmitted signal? By using (3.108) we simply
multiply the received signal X(r) with the known orthonormal basis functions
x1(t), ..., x.(¢) to obtain the set of L samples

Xe=sau+Ny k=1,2,...,L (3.110)

where the noise samples N, are the projection of noise n(¢) onto the orthonormal basis
functions and are given by

Nk:J (O dt k=1,2, .,L 3.111)
—00
Note that these noise samples are zero mean Gaussian random variables with covariance
given by
Cov(N;Ni) = E(N;Nx)

_E U J () (2) (£)xe (¢) dl df] - J J Efn(0)n(e)]x (6 (¢) dr de

—00 J —00 —00 J—00

_ J‘” J” Rno_r)x,(r)xk(f)dtdfzf J” M0 0 )00

~2[ s

:{NO/L = (3.112)
0, j#k

Thus the noise samples are uncorrelated for j # k and since they are Gaussian they are also
independent.
The received signal can be represented by

X(1) = Xexe(r) + e(t) (3.113)

where the process e(?) is defined by

e(t) = X (1) = ) Xewe(1) = si(0) +n(0) = D suxn() = Y Nexa (1)
k 3

k

=n(t) = > Nex(t) (3.114)
k

This process depends only on the noise, not on the signal, and it is also a zero mean Gaussian
process. Furthermore, the following derivation shows that the Gaussian process e(?) is
independent of the received samples Xy = s + Ny, k = 1,2, ..., L and hence irrelevant
in the detection of X(¢):
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Ele(1)X] = E{[nm =3 New(0))(sy + N»}
k

—00

= E{n(z) J°° n(7)x; () dr} — ZE(NkNi)xk(f) (3.115)
k

=MD =0
Thus only L samples X; = sz + Ny, k = 1,2, ..., L are needed to completely characterize
the received signal X(¢). They represent sufficient statistics for any decision making on X(¢).
Note that the joint density of the X;s is the product of L Gaussian density functions, each of
mean sy and variance Ny/2. The AWGN channel is thus a memoryless channel.

When the Gaussian noise is non-white, that is, it has an arbitrary power spectral density,
then the noise samples are no longer independent. For applications that require an inde-
pendent set of random variables another kind of series expansion called the Karhunen—
Loeve expansion can be employed.

Karhunen—Loeve expansion

Again we consider a zero mean Gaussian noise process #(f) with autocorrelation R, (7) that
accompanies a transmitted signal s;(¢), 0 < ¢<T, for arbitrary T. The following theorem
verifies the existence of a set of orthonormal eigenfunctions ¢,(t) of the noise autocorre-
lation. This set represents the noise process n(f) as a series expansion with coefficients ny
forming a set of independent Gaussian random variables with zero mean and variance equal
to the eigenvalues of the noise autocorrelation function. In other words we have

o0

n(t) = kZ iy (1) (3.116)
where, for all values of i and j,
T 1i=j
[RICICEE G117
such that the series coefficients are uncorrelated, that is,
E(nin)) =0 i#j (3.118)
where
T
ng = L o (t)n() ds (3.119)

Theorem 3.21 (Karhunen—Loeve theorem) Let ¢, (f) and A represent the orthonormal
eigenfunctions and eigenvalues, respectively, of the integral equation
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T
J Ra(t — )0, (¢) dr = 1, (1 (3.120)

0

where R,(t) is the autocorrelation of the zero mean random process n(t). Then the

oo
expansion coefficients ny of the series n(t) = > ng,(¢) are uncorrelated and have

k=—00
variances Jx = E(n?). Furthermore, if n(t) is Gaussian, then the coefficients ny are inde-
pendent Gaussian random variables.

Proof We establish the following relation to show that the series coefficients are uncorrelated:

T T
Blum) = || n(00,0) e j n(e)o, () o]
T
J J Eln ¢;(z) dedt
0
T
J J R, (t — 7)¢;(z) dedt (3.121)
0
e
B {ij i=j
T
Since the random variables 7 are both Gaussian and uncorrelated, they are also independent.

The eigenfunctions ¢, (t) form a complete set of orthonormal basis functions for the finite-
energy signals s;(¢), 0 < ¢<T, when the noise autocorrelation is a positive-definite func-
tion. The signals can then be represented by the series

0= sudt) i=12,....M (3.122)
k
where
s = ro s:(0)0, (1) di (3.123)

The receiver for this type of channel will not be practical since the samples of noise and
signal form a countable set and are hence infinitely dimensional. In the next section we
discuss a method to transform non-white noise into white noise so that the result of the
previous section applies.

Whitening filter

The power spectral density of noise at the receiver is shaped by the receiver transfer function
H(f') whose corresponding impulse response is 4(¢). For example, if the input noise is white



107

3.4 Gaussian process

and has power spectral density Ny/2, then as the noise propagates through the receiver the
noise at the detector ends up with a new power spectral density S, (/) = |[H(f)|*No/2 and
becomes non-white. In another scenario, the noise at the input of the receiver could already
be non-white with arbitrary power spectral density S, (), and the receiver is wide-band such
that its transfer function can be considered constant over a bandwidth of the signal. In either
case we can whiten the input noise by using a filter whose transfer function satisfies
|G(f)| = 1/+/Su(f). Such a filter reproduces white noise at its output. In the first scenario
the signals y;(¢), i=1,2,...,M, at the output of the whitening filter are
vi(t) = s:(¢) = h(t) * g(t), where s;(¢), i = 1,2,..., M, are the original transmitted signals,
and g(?) is the inverse Fourier transform of G(f'). In the second scenario the output of the
whitening filter is y;(¢) = s:(¢) * g(¢).

Example 3.12 Spectral factorization

When the power spectral density of non-white noise is rational, that is, the ratio of two
polynomials in /2, we can design a stable and causal filter G(f') called a minimum-phase
filter from S,,(f) via spectral factorization. Let us consider the following non-white noise
rational power spectral density:

A(f?)
= 124
Sn (f) B(fz) (3 )
Let s = j2zf to obtain the transfer function S, (s) as follows:
A (—Sz)
= 12
5:05) =5 (3.125)

The roots of S,(s) which are either zeros or poles must be either real or complex conjugate.
Furthermore, if z; is a root, then —z; is also a root. Therefore, we can factor S,(s) into
products of polynomials with roots in the lefi-half s-plane (Re s <0) and roots in the right-
half s-plane (Re s>0):

(3.126)

The minimum-phase factor G(s) is the ratio of two polynomials formed with roots in the /eft-

half's-plane:
C(s)
= 12
G(s) ) (3.127)
Consider the following rational noise power spectral density:
a
Sp(f) =— 3.128
=y ey G128
We have

Su(s) = a (3.129)
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Thus the whitening filter has the following transfer function:

Va va

G =5 “ bt

— G(f) (3.130)

We now conclude the study of Gaussian processes with the following important theorem.

The central limit theorem

Consider n independent continuous random variables X; with means X; and variances al?.
We form their sum X = Y7 | X; withmean X = > "7, X; and variance 6> = )/, o7. The
central limit theorem states that as n increases the probability density function of X
approaches a Gaussian density function:

n—oo 1 —(x—X)? /262
fr(x) =3 N (—X)/2 (3.131)

3.5 Gaussian-derived processes
I —

Besides the Gaussian process, communication theorists often encounter other important
random processes that influence their design. These random processes may arise from the
method of signal detection in Gaussian noise or from the type of channel through which the
signal passes, such as a multipath fading channel in mobile communication systems. Two
well-known Gaussian-derived processes are the Rayleigh and Rice processes. They play an
important role in the analysis of communication systems that focus on the detection of the
signal envelopes of digital waveforms, such as orthogonal signals (FSK, Walsh, OOK).

Rayleigh and Rice processes

Let us consider a simple example of detecting the envelope of a bandpass OOK signal
s(t) = Ap(t) cos(2xf.t + 0) (bit 0) and s(z) = 0 (bit 1), where p(¢) is the squared pulse shape
of unit amplitude and bit time 7}. The zero mean Gaussian noise is a WSS bandpass process
represented by n(t) = n;(t) cos 2zf.t — np(t) sin 2zf.t. Practical communication systems
are bandlimited so we assume #n(?) is also bandlimited. When bit 1 is transmitted the signal is
not present and the received signal is just noise n(f). When bit 0 is transmitted the signal is
present and the received signal is the sum of both signal and noise. In the first case the
receiver detects the envelope of noise, and in the second case the envelope of the signal plus
noise. Let us consider the first case where we write the bandpass noise () via the envelope-
phase representation

n(t) = R(t) cos2xfet + P(7)] (3.132)
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The envelope R(t) and phase W (¢) of the noise process are related to the in-phase noise n; ()
and quadrature noise ny(t) as follows:

R(t) = [m}(t) + nd(0)]'* P(1) = tan™' <';f—((:))) (3.133)

n(t) = R(t) cos P(¢) no(t) = R(t) sin \P(¢) (3.134)

Both in-phase and quadrature noise components of n(f) are uncorrelated. Since they
are Gaussian processes, they are also independent. Let us consider a sample of a realiza-
tion of the envelope R(f) at a fixed time t. We represent this sample via the random
variable R. Similarly, we obtain a sample of the phase process at time ¢, which can be
represented by the random variable . At the fixed time ¢, we also obtain the in-phase and
quadrature noise samples n; and np, which are independent zero mean Gaussian random
variables of the same variance as the variance of n(f), that is, Var(n;) = Var(ng) =
Var(n) = E(n?) = o°.

Applying the theory of transformation of random variables we obtain the probability
density functions of both random variables R and ¥:

fa(r) =Se "7 r>0 (3.135)
O
1

fey) =5 0<y<2m (3.136)

Note that the probability density function of R is independent of ‘¥, hence, these two random
variables are independent when they are taken at the same time. This does not mean that the
two random processes R(f) and W(¢) are independent. The density function of the noise
envelope is the well-known Rayleigh density function. The density function of the phase is
the uniform density function. Note that E(R?) = 202,

Example 3.13 Complex envelope representation of noise
We can use the complex envelope representation of the noise n(f) to get its envelope and
phase. We have

n(t) = Re{ny (1)e?7!} (3.137)

where the complex envelope is n;, () = n;(t) + jno(t). The envelope is simply the absolute
value of nz (1), which is R(¢) = [n2 (1) + nZQ(t)]l/z.
n

Now let us return to the second case where we attempt to detect the envelope of the signal
plus noise. The received signal for bit 0 plus noise can be written as

X(t) = Acos(2xnf.t + 0) + n(¢) 3138
= [Acos O + ny(t)] cos 2mf.t — [Asin 6 + np(t)] sin 2xf .t (138)
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The process X(¢) has an envelope-phase representation as follows:

X(£) = R(t) cos[2afut + ¥ (1)) (3.139)

R(t) = {[Acos O + ny(1)]” + [Asin O + nQ(t)]z}l/2

. (3.140)
. (Asin0+np(t)

#(0) = tan”! <m>

The Gaussian processes n; () = A cos 0 + ny(t) and ny(1) = Asin 6 + ny(t) are independ-
ent with mean 4 cosé and A sin 0, respectively, and variance o2, the variance of n().
Applying the theory of transformation of random variables we obtain the following well-
known Rice density function for the envelope

o o?

Jalr) = L (ﬂ) >0 (3.141)

The function Iy(x) is the modified Bessel function of the first kind of zero order. When there
is no signal, that is, 4 = 0 and Ip(0) = 1, the Rice density function reduces to the Rayleigh
density function. Note that E(R?) = 4% + 2¢2. The ratio 42/20 is the familiar signal-to-
noise ratio.

Example 3.14 Complex envelope representation of signal and noise
The sum process of signal plus noise X(¢) can be represented in its complex envelope form as
follows:

X (1) = Re{X; (1)} (3.142)
where the complex envelope is
X (t) = [Acos @ + ny(t)] +j[Asin 6 + np(1)) (3.143)

The envelope of X(¢) is the absolute value of X7 (¢), which is R(¢) given the above.
(]

Example 3.15 Envelope of signal in a multipath fading channel

In a multipath fading channel, such as the one encountered by cellular systems, local area
networks, metropolitan area networks, and home networks, the transmitted signal arrives at
the receiver via multiple paths. Signal rays can arrive via a direct path plus paths resulting
from reflection from large objects, scattering from small objects, and diffraction via ray
bending around structures. These signal rays add at the receiver to form a received signal
that can be quite different from the transmitted signal. We are interested in the envelope
of such a multipath fading signal. We assume that the signal travels via independent
paths and arrives at the receiver with independent attenuations, paths delays, and phase
shifts. Let us consider bandpass digital signals that can be represented by the process
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X (t) = X;(¢t) cos 2xfet — Xp(t) sin 2xf.t, where both in-phase and quadrature processes
are independent. The received signal is a sum of attenuated and delayed-shifted and phase-
shifted versions of X(¢). For n independent paths we have

Y(t) = ZAX[:k(I) cos 2zxf.t— ZXQk(t) sin 2xf.t
k=1 k=1

= Y(¢) cos 2xf.t — Yp(¢) sin 2zf.t

(3.144)

The in-phase component of the received signal ¥(7) is ¥;(¢) = > X;4(¢) and the quadrature
=1
n
component is Yo (f) = > Xpx(¢). The complex envelope of Y(¢) is
=1

Y.(6) = Yi(d) + kYp(t) (3.145)

The path components X; 4 (¢) and Xy 4(¢) are functions of path attenuations, path delays,
and path phase-shifts. We are interested in the envelope R(¢) of the received multipath
fading signal Y(¢) at a fixed time t. We observe that as the number of paths n approaches
infinity, the central limit theorem dictates that both Y;(¢) and Yy () approach independent
Gaussian random variables with common variance af, which is also the variance of Y(?). If
there is no direct path then the mean of these in-phase and quadrature components is zero
and the density function of the envelope R(f) of Y(¢) at a fixed time ¢ is a Rayleigh density
function. Note that E(R*) = 262 is the power of all non-direct (diffuse) paths. If there is a
direct path with amplitude A then the density function of the envelope R(?) of ¥(7) at a fixed
time # is a Rice density function. Note that E(R*) = 4% + 202 is the power of the direct
path and all diffuse paths. The ratio 42/20? is referred to as the direct signal-to-diffuse
signal ratio.

[

Squared envelope

The detection of the envelope of signal plus noise is the same as the detection of its
squared envelope since both quantities are nonnegative. For some applications it is more
mathematically tractable to deal with the squared envelope. The density function of the
squared envelope of noise Z(t) = R>(t) at a fixed time ¢ is the exponential density function
given by

fo(z) = L o5 (3.146)

202 = '

On the other hand, the density function of the squared envelope of signal plus noise at a fixed

time ¢ is

f2lz) = L -t (M> z>0 (3.147)

202 o2
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Sum of squared Gaussian processes

In many wireless communication systems the use of diversity to improve the performance of a
digital signal is necessary to combat the multipath fading effect. This effect can cause losses in
the signal-to-noise ratio, especially in a Rayleigh channel. Diversity can be achieved via
independent multiple channel reception of the same signal. Frequency diversity employs
multiple channels of different frequencies. The same signal is transmitted simultaneously on
these frequencies and their energies are combined at the receiver. If each channel fades
independently, then the average error rate will improve. The same principle applies to time
diversity, which transmits the same signal serially in consecutive time slots. The fading in each
time slot is assumed to be independent. The signal energies in these time slots are then
combined at the receiver to improve the average error rate. The third type of diversity is
antenna diversity, where multiple antennas are employed to receive the transmitted signal that
arrives at the receiver via independent paths. The signal energies from these paths are
combined to improve the average error rate. When diversity is used the squared envelopes
of the signals plus the noise in each path are combined to yield the following sum:

L L

U(t) = > 1Yea()+nes(0) =D 1Yk () + nui(0)] +Yor(t) + nox(1)]
"L‘ =1 (3.148)
Z{ Yr(t) + npi() + [You(t) + nQ,k(t)]z}

k=1

where L is the diversity order, and Y, 4(¢) and ny ; () are the complex envelopes of the signal
and noise in the kth diversity channel, respectively. We are interested in the density function
of U(h).

Case 1: Signal is not present

Mh

£) + ) (1)] (3.149)
k:l

In this case we have the sum of 2L squared Gaussian processes. These Gaussian processes are
mutually independent and each has zero mean and common variance o*. The density function
of U(?) at a fixed time ¢ is commonly referred to as the y>-density function (English pronunci-
ation: chi-squared; Greek pronunciation: hee-squared) with n degrees of freedom, given by

1 >
f[j(u) = mML_]e_u/zg u> 0 (3150)

Case 2: Diffuse signal is present

In this case the received signal in the kth diversity channel is a multipath fading signal
consisting of the diffuse (non-direct) paths only and we have
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L

U) = > A[¥1a(0) + nia(6)] + [You(t) + nos()]*} (3.151)
k=1

At afixed time ¢, the Gaussian random variables U; 4 (t) = Yy x(¢) + ny () and the Gaussian
random variables Ug(t) = Yo () + ngx(t) are independent and have zero mean and
common variance o7 = o> + o2, where o2 is the power of the diffuse paths. The density
function of U(#) is the y?-density function with 2L degrees of freedom, given by
1 L1 ,—u/202
U)=———F———u e "% u>0 3.152
fU( ) (20’%)L(L—1)! - ( )

Case 3: Direct and diffuse signals are present

In this case the received signal in the kth diversity channel is a multipath fading signal
consisting of a direct path and the diffuse (non-direct) paths. Therefore, we have

L

U(t) => {1k (0) + na(0)]” + [You(6) + nos ()} (3.153)
k=1

At a fixed time ¢, the Gaussian random variables U; 4 (¢) = Y;x(¢) + nyx(¢) and the Gaussian
random variables Ug(f) = Ypx(t) + ngx(t) are independent and have non-zero mean
Arcosf; and Agsiny, respectively, and common variance o7 = o> +o°. The
density function of U(?) is the non-central y*-density function with 2L degrees of freedom,
given by

(L-1)/2
folw) = 5 (25) e<A2+“>/2”i1L1<Aﬁ> W0 (154

5 2\ 2 2
20y oy

where the non-central parameter 42 is defined as

L
A =" [Ajcos” O + Apsin’ 6,] = > 4} (3.155)
k=1 k=1
We also have A2/2072 = A2/(20% +20%) = 1/[(43/202) " + (42/26%)"']. Note that
A2 /202 is the direct signal-to-diffuse signal ratio and A% /20 is the direct signal-to-noise
ratio of the kth diversity channel.

~

Nakagami-m density function

The Rayleigh and Rice density functions are particular solutions of the random amplitude-
phase problem

RO = 150+ %] = | Xix(0) +13 Xoult) (3.156)
k=1 k=1

Z Rk(t)ej‘*’k(f)
k=1

The Nakagami-m density function is a general but approximate solution and is given by
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2m" =1 >
— —mr* /Q
() 7F(m)9’" e (3.157)
where
Q? 1
Q:E(Rz) m=————->= (3.158)
E[(R? -Q)7] ~ 2
I'(m) = J ¥ le*dx, m>0
‘ (3.159)

I'(m) = (m — 1)!, m = positive integer
r() = va, [Q) = vz

The Rayleigh density function is a special case of the Nakagami-m density function where
m=1and Q = 2¢°. The Nakagami-m density function only approximates the exact density
function of the envelope of the sum of random vectors whose amplitudes and phases vary
according to certain statistical laws. However, the approximation is sufficiently good
for many engineering applications. This fact has been verified experimentally in the
ionospheric and troposheric propagations.

Log-normal density function

In wireless communications the path losses between mobile receivers at various locations
but at the same distance from the transmitter may vary due to different terrains. This effect is
often referred to as shadowing. The uncertainty in the path loss around its mean value is
commonly expressed in terms of a Gaussian random variable X with mean L4z and variance
02 since path loss is calculated in decibels (dB). The density function of X is referred to as
the log-normal density function and is given by

1
B V2o,

We can transform the log-normal random variable X with decibel unit to ratio via the
following relation:

fx(x) e (xLas)’ /20 (3.160)

Y =101 - X =10 logY (3.161)
Thus the density function of Yis

~10/In10

—(10 logy—Lap)* /20>
=——e¢ . y>() (3.162)
V2ro gy

fr»)

Example 3.16 Outage probability

Consider a cell with radius R and a mobile at a distance  from the base station located at the
center of the cell. The path loss is modeled as a log-normal random variable X with mean
Lap(r) and variance o2,. The received power of the mobile in dBW (1 W = 0 dBW) is given
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3.5 Gaussian-derived processes

as P(r) = Py — X, where Py (dBW) is the transmit power of the base station. If we

designate P(r) = Pr — Lyp(r) as the mean value of the received power of the mobile,
then P(r) is a log-normal random variable with mean P(r) and variance o%. The probability
that the received power exceeds a given threshold signal power y (ABW) can be calculated

from the density function in (3.160) as

Pr[P(r)>y] = Q (y — Pm) (3.163)
0dB
where Q( - ) is the Gaussian integral function defined by
I (> _»
_ —x*/2
=——| ¢ dx 3.164
0w =—=| (3.164)

The outage probability is defined as the probability that the received power falls below the
threshold y. We have

po(r) = PHP(r) < 9] = O (P”"’> (3.165)

0dB

For numerical illustration let us fix the outage probability as p_, (r) = 0.01. The argument of
the Q-function is given by [P(r) — y]/o4s = 2.32. Thus, we get P(r) = y + 2.32a45. For
example, with 6,3 = 10 dB the mean value of the received power of the mobile has to be
23.2 dB above the threshold value to achieve this outage probability. Normally one would
like to achieve this benchmark at the cell boundary, where » = R. In practice, the threshold
y can be calculated given a threshold signal-to-noise ratio SNR (dB) at the cell boundary. If
the noise power N (dBW) is known as described in Chapter 5, the threshold signal power y at
the cell boundary can be calculated as y = SNR + N. For the above numerical example we
can then calculate the received power of the mobile at the cell boundary as
P(R) =y + 2.32043 = SNR + N +2.32043. Since P(R) = Pr — Lgz(R) the base station
can adjust the transmit power Py to meet the required threshold SNR if the path loss is known
either by measurements or by using an empirical model such as the Hata model (see
Chapter 5). The Hata model estimates the median path loss (dB) given the carrier frequency,
the transmit and receive antenna heights, the path loss exponent, and the distance between
base station and mobile for various environments. For the log-normal shadowing path loss
(dB), the median is the same as the mean value (the mean value of the Gaussian random
variable is also its median).

[

Example 3.17 Coverage area

In cellular communication the coverage area of a cell with radius R is defined as the fraction
of the cell area in which the received signal power exceeds a threshold signal power. Let
us consider a differential area AA4; at distance r; from the base station located at the cell
center. Let P(r;) be the received power in A4;. Using the total probability theorem, the
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probability that the received signal exceeds the threshold y (the fractional coverage area) is
given by

T =) " Pr[P(r;)>7|A4;] Pr(A4;) (3.166)
Furthermore, we have Pr(A4;) = Ad4;/xR* Therefore,
1
= WZ Pr[P(r;) > y|Ad;]Ad; (3.167)

In the limit the above expression becomes the integral over the cell area. We have

1

- W JArea Pr[P(r) g y} da

R (3.168)
:WJ’O JO Pr[P(r)>y} rdrdo

Substituting (3.163) into (3.168) we obtain the fractional coverage area, as follows:

! r” JRQC_W) rdrde (3.169)

R Jo Jo o4

Since P(r) = Pr — Lap(r) we can evaluate the path loss at distance » based on measure-
ments or on the Hata model.

1. Measurement model: the path loss is given by Lyp(r) = Lag(ro) + 101 log(r/ro),
where ry is a reference distance close to the base station but in the far-field or
Fraunhofer region of its antenna (the far-field distance is 7, = 2D?/, where D is the
largest physical dimension of the antenna and 4 is the signal wavelength). The reference
path loss L;z(ry) can be obtained via measurement or it can be calculated using the Friis
formula for free space loss Las(ro) = 10 log(4mro/A)*. The path loss exponent n is
obtained from measurements. Note that in ratio form the path loss is expressed as the
power-law L(r) = L(ro)(r/ry)". For free space (n = 2), the power-law expression
becomes the Friis formula that applies for any distance .

2. Hata model: the path loss in the Hata model is the median path loss and is given by
Lp(r) = a + 10n logr, where the path loss exponent # is given explicitly as a function
of the base station antenna height 47, n = 4.49 — 0.655 loghy, 30m < Ay < 200m
(see Chapter 5). The constant a depends on the carrier frequency, and the base station and
mobile antenna heights.

In both cases the path loss can be expressed in general as L;z(r) = £ + 10n log(r/R), where
B = Lap(ro) + 10n log(R/ry) for the measurement model and f = a + 10n logR for the

Hata model. The received power is P(r) = Py — Lag(r) = Pr — f — 10n log(r/R). Let

=Pt _y =P[R p 10m
0dB o 0dB

(3.170)

Then we have the following expression for the fractional coverage area:
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R
H:%J Q(a+b10g%)rdr (3.171)
0

The above integral can be evaluated as follows:

IT = O(a) + exp (2 _bf“b) Q(z _b“b ) (3.172)

In (3.172) we note that Q(a) = 1 — Q(—a) = 1 — pyu(R), where py,(R) = O(—a) is the
outage probability at the cell boundary. For numerical illustration, let us consider the case of
o4p = 10 dB, n =4, and a specified outage probability at the cell boundary of 0.01. Then
a = —2.32,b=4, and, consequently, IT = 0.9986, or 99.86% of the cell is covered with an
outage probability inside the cell of less than 0.01.

[

3.6 Summary
- |

In this chapter we have presented a fairly detailed study of the random signals often encountered in
communications. These signals belong to two broad classes of random processes, namely, wide-sense cyclosta-
tionary (WSCS) and wide-sense stationary (WSS). The sequence of digital signals that carries random information
symbols is itself a WSCS process. Noise that contaminates the signals is a WSS process. Furthermore, in a
multipath fading channel, the envelope of the signal can be represented by special Rayleigh and Rice processes.
A WSS process is characterized by a constant mean and an autocorrelation that is a function of the time
difference. On the other hand, a WSCS process is characterized by periodic mean and autocorrelation.

A WSS process possesses a power spectral density function that is the Fourier transform of its autocorrelation.
A WSCS process with a uniform time shift becomes a WSS process. This procedure allows the calculation of the
power spectral densities of digital signal sequences. White noise has constant power spectral density. The most
important process in communication theory is the Gaussian process. We learned that the processing of a Gaussian
process by a linear filter also produces a Gaussian process. Noise that is encountered in communications is
modeled as white Gaussian noise. Signal processing in an additive white Gaussian noise channel using a
complete set of L orthonormal basis functions has sufficient statistics to be represented by exactly L samples for
detection. If the noise is non-white, a whitening filter can be employed at the receiver to obtain white noise for
subsequent signal processing. There are important Gaussian-derived processes that play an important role in
noncoherent demodulation of digital signals in noise and in analyzing their performance in a multipath fading
environment. They are the Rayleigh and Rice processes, which represent the envelope of noise and that of signal
plus noise in noncoherent demodulation. In a fading channel both processes represent the envelope of the sum
of diffuse signal vectors and that of the sum of direct and diffuse signal vectors, respectively. We also present the
Nakagami-m density function of the envelope of the sum of random signal vectors and the log-normal density
function for signals that encounter the shadowing effect.
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Problems
1

1. The complementary distribution function of a Gaussian random variable X with zero
mean and unit variance is given by the following Gaussian integral:

O(x) =1—Fx(x) = Pr(X>x)

_ b JOO e 2dy

271 )y

Using integration by parts show that O(x) is upper bounded by O(x) <e™/2/\/2zx
2. The characteristic function @y (w) = E(ej”X )of the random variable X is defined as

Oy (o) = f Fo(r)e™dx

Similarly, the moment generating function ®x (s) = E(e*X) of the random variable X
is obtained by changing jo to s:

Dy (s) = jw Se(x)erdx

(a) Find @y (s) of a Gaussian random variable X with zero mean and unit variance.
(b) Find @y (s) of a Gaussian random variable X with mean m and variance o>

3. The Chernoff bound is useful in establishing the upper bound for the distribution
function of a random variable X with corresponding moment generating function
Oy (s) = E(e**). We have the following three forms of the Chernoff bound for real s

1 — Fx(x) = Pr(X>x) <e ™ ®(s), s>0
Fx(x) = Pr(X <x) <e”®(—s), s>0

()
Pr(e™ >a) < x(s) , a>0
a
(a) Verify all three forms of the Chernoff bound.
(b) Fora zero mean, unit variance Gaussian random variable, find the Chernoff bound
for the complimentary distribution function, that is, Q(x) < e /2.
(c) For a random variable X >0 show that E[Q(vX)] has the upper bound

E[Q(VX)] <®x(—1/2), where

0) = = jw ey

4. Consider the complex Gaussian random variable X = Xj + jX,, where X; and X; are
independent Gaussian random variables with zero mean and identical variance ¢°.

The mean value and variance of X are

X =EX) = E(X) +]E(X2)
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10.

I1.

12.

13.

Var(X) = EUX —)7|2]

We have X = 0 and Var(X) = E[|X 7)7‘2} = E[|X|2} = 207 . Now consider the

random variable ¥ = e/’X for arbitrary 6. Show that both Gaussian random variables
Yand X have the same mean and variance. (This property is called circular symmetry.)
A complex Gaussian random variable X = X7 + X5, where X; and X; are independ-
ent Gaussian random variables with zero mean and identical variance o2,
represented in vector formas X = [X; X, ]'. The mean value of Xis X = 0, and the
variance is E(X'X) = 20%. Express the complex random variable ¥ = e?X for
arbitrary 6 in vector form ¥ and calculate the covariance matrix K of ¥.

Consider the process X (f) = Asin(2zft + ©), where 4 is a constant and O is a
random variable. Is X(#) wide-sense stationary? Find the conditions for which the
process is wide-sense stationary.

Consider the process X () = A sin(2zft + ©), where © is a discrete random variable
with probability distribution Pr(© = 0) = 1/2, Pr(© =) = 1/2 . Shows that X(¢)
is not stationary by demonstrating that two random variables X(0) and X(a) for a
selected time ¢ = a have different distributions. Is it wide-sense stationary?

Find the autocorrelation of the process X (t) = 4 cos(2zft + ©), where © is uniformly
distributed on [0, 27] and 4 is a Gaussian random variable with zero mean and unit
variance and is independent of ©.

Find the autocorrelation of the process Y (¢) = X (¢) cos(2zft + ©), where © is uni-
formly distributed on [0, 27] and X(¢) is a wide-sense stationary process.

Consider a Gaussian vector X = (X; X; - - - X,) whose independent elements have
zero mean and identical variance ¢°. Find the moment generating function of the
random variable ¥ = XX’

Derive the general expression for the autocorrelation of the random process

can be

X(¢)= > dip(t —iT — A) with arbitrary pulse shape p(7) and independent bits

d;; assuming that the time delay A is uniformly distributed in (0, T) and independent
of d;, where T is the pulse time. Show that the power spectral density of the process
X(¢) is given by

Sy (f) |P(f)| (ei27zﬂ")7 e|27rfT ZRd —JankT

where R, (k) is the discrete autocorrelation of the data symbols d;.
Consider the process X (¢) = Asin(2zft + ©), where 4 is a constant and O is a
uniform random variable in [z, z]. Is X(¥) ergodic in the autocorrelation function?

Consider an OOK signal sequence X (¢) = Z dip(t — iT,) that represents inde-
pendent and equally likely bits [0,1], where p(t) is the half-squared pulse shape of unit
amplitude and duration T, which is a bit time (Figure 3.3(a)), and d; € {1,0}

represents the normalized signal amplitudes. The mapping 0 — 1 and 1 — 0
maps bit 0 to amplitude 1 and bit 1 to amplitude 0 (the mapping 0 — 0 and 1 — 1
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

maps bit 0 to amplitude 0 and bit 1 to amplitude 1 would give the same result).
Assuming the time origin is uniform in a bit time 7}, find the power spectral density
function of X(7).

Consider the alternative mark inversion (AMI) signaling, where bit 1 is represented
by alternate positive and negative half-squared pulses and bit 0 is represented by a
zero voltage level. Assuming the time origin is uniform in a bit time 7}, find the power
spectral density function of X(¢).

Consider the Manchester signaling, where bit 1 is represented by a positive half-
squared pulse followed by a negative half-squared pulse and bit 0 is represented by a
negative half-squared pulse followed by a positive half-squared pulse. Assuming the
time origin is uniform in a bit time T}, find the power spectral density function of X(¢).
Let X(¥) be a WSS process and Y (¢) = X (¢ + T) — X(¢ — T). Find the autocorrelation
and power spectral density function of Y(?).

Let g(¢) be a deterministic periodic function and X(¢) is a zero mean ergodic process.
Find the autocorrelation and power spectral density of Y () = g(¢) + X (¢)

Consider the process X (t) = > d;p(t — iTy) with uncorrelated and equally likely

bits d; € {—1,1}. The bit time isoch. Form the process Y (¢) = X ()X (t — T/2)

(a) Is Y(r) WSCS?

(b) Find the deterministic periodic component of ¥(#) which is also the bit clock.

(c) Design a circuit to extract the bit clock.

Consider an RC circuit with frequency response H(f) = 1/(1 + j2zfRC). The input

to this circuit is white noise with power spectral density function Ny /2.

(a) Derive the expression for the output noise power spectral density.

(b) Derive the expression for the output noise autocorrelation.

The integrate-and-dump filter is a linear system with output Y (¢) = f;ﬁ r X(7)dr

when X(¢) is applied to its input. Derive the expression for the power spectral density

of X().

Consider the process X (¢) = Asin(2zft + ©) where 4 is a constant, © is a uniform

random variable in [—x, 7], and f is a random variable with a density function

satisfying the relationship pr(f) = pr(—f). Find the power spectral density of X(7).

Consider non-white noise of power spectral density S,(f) = (w? + 1)/(0* + 64).

Design a minimum-phase whitening filter.

Consider an integrator over (0, 7) driven by zero mean white Gaussian noise of power

spectral density Ny /2. Find the variance of the output noise.

A Gauss—Markov process X(¢) with variance o2 and time constant 1/ is a stationary

Gaussian process with an exponential autocorrelation of the form Ry (z) = o2e .

(a) Evaluate the power spectral density function of X(¢).

(b) Apply X(¢) to the input of an integrator, find the power spectral density of the
output process.

Consider the random variable X = log, (1 + R%y). where R is Rayleigh distributed

with E(R?) = 1 and y is a nonnegative constant. Find Pr(X < x).

Consider the case of log-normal shadowing with 6,3 = 10 dB, n =4, and a specified

outage probability at the cell boundary of 0.1. Find the fractional coverage area.
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Consider a log-normal shadowing model with a standard deviation ¢ = 12dB and a
single circular cell. The receiver at the cell boundary has a noise power of
—146.9 dBW. The cell has a path loss exponent n = 4. The percentage of coverage
area is determined to be 95%. The received signal threshold (which is set at a smaller
value than the mean received signal) is fixed at —129 dBW. What is the mean received
signal-to-noise ratio?

Further reading

For a thorough review of probability theory, random variables, and random processes, we
recommend Papoulis [3], Helstrom [4], and Leon-Garcia [5]. Advanced materials can be
found in Feller [6]. More materials on cyclostationary processes can be found in Gardner [7].
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Information theory and channel coding

Introduction

In this chapter we present the applicability of probability theory and random variables to the
formulation of information theory pioneered by Claude Shannon in the late 1940s [1,2].
Information theory introduces the general idea of source coding and channel coding. The
purpose of source coding is to minimize the bit rate required to represent the source
(represented mathematically by a discrete random variable) with a specified efficiency at
the output of the source coder. On the other hand, the goal of channel coding is to maxi-
mize the bit rate at the input of the channel encoder so that code words can be transmitted
through the channel with a specified reliability. Both source coding and channel coding can
be achieved with the knowledge of the statistics of both the source and channel.

4.1 Entropy of a discrete source

122

Information comes from observing the outcome of an event. Common events occur fre-
quently (high probability) and therefore carry little information. On the other hand, rare
events occur infrequently (low probability) and hence carry much more information. In
1928 R. V. L. Hartley proposed a logarithmic measure of information that illustrates this
observation [3]. Let us consider a discrete source that is represented mathematically by the
discrete random variable X. The source emits M symbols x;, i = 1,2, ..., M, which are
characterized by the probability distribution function py (x;). The self-information of the
source is the function /(X) that assumes the values I(x;), defined as follows:

I(x;) = —log, px (x;) 4.1

It is seen that the smaller the probability of the outcome x;, the larger its self-information.
Thus, a certain event has zero self-information and an impossible event has infinite self-
information. The average information in the source X with a given distribution is the
expected value of /(X) and is formally denoted as the enfropy of X with the designated
notation H(X). Using (3.17) we have

H(X) = E{I(X)} = = 3 _px(xi) log, px (x) (42)

i=1



123

4.1 Entropy of a discrete source

The use of the base-two logarithm indicates that the unit of entropy is the bit.

Example 4.1 Binary source
Consider a discrete source that emits binary symbols 0 and 1 with probability distribution
px(0) = p and px(1) = 1 — p. The entropy of this binary source is given by

H(X)= —plogyp — (1 —p)log,(1 —p) (4.3)

Let p = 0.1, then H(X) = 0.47 bits. This is the average number of bits needed per source
symbol. The entropy is maximum, that is, max,, H(X) = 1bit, when p = 0.5. This indicates
that the entropy is at maximum when the distribution is uniform or equally likely. Since the
average symbol length is 1 bit and the source is binary, the source coder transmits the symbol
unaltered.

[

Theorem 4.1  Consider a discrete source X with a given probability distribution py (x;), i =
1,2, ..., M. Then its entropy satisfies the following inequality

H(X) <log, M (4.4)

The equality is achieved when the distribution is uniform (equally likely symbols), that is,
px(x;) = 1/M for all i.

M
Proof We make use of the identities > px(x;) =1 and Ina < a — 1 in the following

expression: =1

H(X) — 10g2M = —pr(x,«) logsz(x,«) — logzMZpX(x,-)

= =2 px(w) logy (Mpx(x)) =3 px(x) log, M—pi(x_i)

le ) 4.5)
oy (X;
— E Px xl

In2

- IHZZPX [ x (%) 1]

Therefore,

HX) —log, M < éz [% —px(xi)}

Stz lz pr xi) 1 (4.6)
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When pyx(x;) =1/M for all i, that is, the distribution is uniform, we have
H(X) = =3 (1/M) logy(1/M) = —(1/M) logy(1/M) 1 = log, M.
n 1 1

The next discussion centers around source encoding, that is, what kind of code should one
use to represent source symbols with a given distribution such that the bit rate at the source
coder output is minimized? Intuitively one would think about a code with the average code
word length (each source symbol is represented by a code word whose length is in bits)
equal to the source entropy. After all, the source entropy, which is the average self-
information of the source, is its best snapshot. We will present the best code that can
approach the prescribed goal. Furthermore, the average code word length is of interest
because if we transmit a long string of n symbols with a total length L, bits, then the law of
large numbers dictates that the number of bits per symbols L, /n approaches the average
code word length with a probability close to one.

4.2 Source coding
|

From the above study we observe that when the source symbols are equally likely the best
code is simply the block code or fixed-length code in which all the code words have log, M
bits (the source entropy). For source symbols that are not equally likely, a variable-length
code must be used to approach the source entropy. Intuitively, we assign a long code word to
a less frequent symbol and a short code word to a more frequent symbol. This is the idea
behind Morse code, with the most frequently used letter E given the code word “dot.” There
is a problem with decoding a variable-length code at the receiver, that is, recognizing the end
of one code word and the beginning of the next. This problem can be solved if no code word
is the prefix of another code word. A source code that possesses such a property is called a
prefix code or instantaneous code. Thus, a string of prefix code words is self~punctuating, as
illustrated for a source of four symbols and their corresponding prefix code words below:

x1=0, x=10, x3=110, x4=111 A.7)
0011110110 — 0,0,111,10, 110 — x1,x1, X4, %2, X3 4.8)

Thus, in a prefix code each symbol can be decoded without looking to the right of it. The
prefix codes are examples of uniquely decodable codes whose code words can be unambig-
uously reconstructed from the bit sequence. Here, it is assumed that synchronization is
established before decoding starts. The existence of a prefix code can be verified by the Kraft
inequality, as stated in the following theorem.

Theorem 4.2  (Kraft inequality) The necessary and sufficient condition for the existence of a
prefix code of M symbols with code words of length l,,, m = 1,2,....M, is

i :
<1 4.9)
m:lzlm
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4.2 Source coding

The code in (4.7) satisfies the Kraft inequality with an equals sign. The following theorem
shows a relationship between the average code word length and the entropy.

Theorem 4.3  Consider a discrete source X with a given distribution px (x;),i=1.2, ..., M.

Each symbol x; is encoded by a code word of length [; of a prefix code. Then, the average code
word length | = >, px(x;)l; of the prefix code satisfies the following relationship:

HX) < I (4.10)

Proof The first step is to establish the expression H(X) — [ and show that it is less than or
equal to zero. We use the following identities:

log, x = (log, e)Inx, Inx < x—1
HX)-1 = —prx, log,px (x;) prxl
2-h
= ZPX Xi <10g2 o )JFIng > = Z:PX(xi) (10g2m>
21
= log,e pr Xi (lan(x,)>

2 I

<1 IM—=——1

T

< 10g26<22h - ZPX(%‘)) < logye(1-1) <0

. . . 4.11)

The last line follows the Kraft inequality.
[
Theorem 4.4  Consider a discrete source X with a given distribution px (x;),i=1,2, ..., M.

Each symbol x; is encoded by a Shannon—Fano prefix code, whose code word of length I; is
selected according to the relationship

—logy px(xi) < I < — logypx(xi;) + 1 (4.12)
Then, the average code word length satisfies the following inequalities:

HX) <1 < HX)+1 (4.13)

Proof The left-hand side of (4.12) vyields 27% < py(x;) and hence
3,270 < 3. px(x;) = 1. Since the Kraft inequality is satisfied there exists a prefix code
with the above selected lengths such that the left-hand side of (4.13) is satisfied per Theorem
4.3. From the right-hand side of (4.12) we have

= > )l < =Y pr(n)logpx(x) + Y px(x) < H(X) + 1 (4.14)
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Example 4.2 Shannon—Fano code
Consider a discrete source with distribution

px(x1) =px(x2) = 0.1, px(x3) =px(x4) =02, px(xs) =0.4 4.15)
The Shannon—Fano code words have the following length in bits:
h=h=4 L=4L=3 =2 (4.16)
The average code word length in bits is

5 5
[ =) px(x)l = 28> HX) == px(x)logpx(x) = 2.12 (4.17)
i=1

i=1

The above theorem shows that one can do no worse than H(X) + 1 with Shannon—Fano
codes. The question is, can one do better? In the following discussion we present the Huffman
codes, which are optimum in the sense that they are the prefix codes that approach the entropy
in average lengths. Furthermore, no other prefix codes have smaller average code word lengths.

Huffman codes

A Huffman code is constructed as follows:

1. The source symbols are listed in order of decreasing probability.

2. Atree is constructed to the right with the two source symbols of the smallest probabilities
combined to yield a new symbol with the probability equal to the sum of the two previous
probabilities.

3. The final tree is labeled with 0 on the lower branch (upper branch) and 1 on the upper
branch (lower branch).

Example 4.3 Huffman code
Consider a discrete source with distribution

pX(xl) :px(XQ) = 0.1, px(X3) :px(X4) = 0.27 pX(x5) =04 (418)

We construct the two trees shown in Figure 4.1. Both Huffman codes have the following
average length in bits:
[ =0.1(4) +0.1(4) +02(3) + 0.2(2) +0.4(1) = 2.2 @.19)
I =0.1(3)+0.1(3) +0.2(2) +0.2(2) + 0.4(2) = 2.2 '
The source entropy is H(X) =2.12. If we compare the Huffman code with the Shannon—Fano
code in the previous example we conclude that the former is more efficient.
(]
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x; = 0000
X, =0001
x3 =001
x4 =01
x5=1

x; =000
X, =001
x3=01
x4 =10
xs=11

(b)

Huffman codes.

Shannon noiseless source coding theorem (first theorem)

Consider a discrete source X of M symbols with a given distribution. The average code word
length can be made to approach the source entropy as close as required, so that

HX)<I<H(X)+e¢ (4.20)
where € <1 is an arbitrary positive constant.
Proof Let us consider the nth extension of the source X called X", which consists of
M" extended symbols. Each extended symbol consists of n concatenated original source
symbols and has a probability equal to the product of n probabilities. Since the log of the

product equals the sum of logs, the entropy of the extended source is n times the entropy of
the original source, that is,

H(X") = nH(X) 4.21)

Applying the result of Theorem 4.4 to the extended source we obtain the following bounds
on L, the average code word length of X"
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HX") < L < HX")+1 (4.22)
Substituting (4.21) into (4.22) and dividing by n, we have

H(X) <

S|

<HX)+ % (4.23)

Note that /, the average code word length of the original source X, is equal to L/n since the
extended symbol has n original symbols. Therefore,

- 1
HX)<I<HWX)+- (4.24)
n
Choose € > 1/n, and we obtain the result in (4.20).
L]

In the subsequent discussion we introduce the concept of channel coding to maximize the
rate of reliable transmission over a noisy channel. This necessitates the evaluation of the
Shannon channel capacity, which cannot be exceeded if reliable transmission is to be
accomplished. We investigate information capacities of discrete and Gaussian channels.

4.3 Discrete channel
1

All communication channels are noisy and therefore the symbols at the channel output are
not always the same as the input symbols. Thus, we ask ourselves the question, “How much
information can we reliably transmit through a noisy channel?” Or, equivalently, “What is
the maximum data rate for arbitrary small error probability?” The answer had been provided
by Claude Shannon in 1948 [1,2]. In this section we present the Shannon channel capacity
for a discrete channel characterized by a set U of M input symbols u;, a set Vof Q output
symbols v; and their conditional probabilities p(v;|u;), called transition probabilities. The
sizes of M and Q are not necessarily the same. We assume that the channel noise corrupts the
input symbols independently, therefore the channel is said to be memoryless. Figure 4.2
illustrates the discrete channel concept. The discrete channel is a synthetic channel that can
be derived from the physical channel, as illustrated in Figure 4.3 for a wireless communi-
cation system. In this case, the channel transition probability can be evaluated from the
knowledge of the modulated waveform, the received signal-to-noise-ratio via the link
analysis and the demodulation technique. The input m; to the channel encoder is one of M
message blocks (source code words) obtained from the source coder output. For example,
consider a binary source with equally likely symbols x;, x,. Using k-symbol source block

Channel welU Discrete channel v,eV Channel

{p ()}

m ——>

Y
Y

encoder decoder

Discrete channel model.
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Antenna
Channel N High-power
| encoder Modulator ~ —> Up converter —> amplifier
Antenna
Channel Down Low-noise
¢ decoder [ Demodulator [« converter amplifier
Discrete channel

A physical channel.

code the message block consists of any k source symbols, and hence there are M = 2*
distinct message blocks. The channel encoder may encode each message block into an n-bit
input symbol (channel code word) u;, where n > k. Thus, there are a total of M = 2F input
symbols. Given the n-bit input symbol u; = (u;1, ..., u;,) the probability of observing the
n-bit output symbol v; = (vji, ..., vj) is the following transition probability:

pOlur) = T pvilun) (4.25)
=1

Thus throughout our discussion we assume that the channel is characterized by the condi-
tional probabilities p(vj|u;;), i € U, j € V, and hence p(v;|u;).

Mutual information

The concept of mutual information is intuitive. Suppose a symbol u; was sent by the channel
encoder with probability py (u;). This is often called the a-priori probability of the input
symbol u;. The probability that u#; was the sent symbol after the observation of the output
symbol v; becomes p(u;]v;). This is often referred to as the a-posteriori probability of u; . If the
channel is noiseless then after receiving v; one would know exactly that u; was sent and the
a-posteriori probability is 1. Now consider the case of a very noisy channel. The reception of v;
will not help at all in determining what input symbol in the set U was sent. This means that the
a-posteriori probability is the same as the a-priori probability. If the channel is somewhere
between these two extreme cases, then the a-posteriori probability is larger than the a-priori
probability. Hence, one obtains an information gain from the reception of the output symbol.
This can be expressed quantitatively as the difference between the self-information of #; and
the self-information of u; after v; was observed, and is called the pair-wise mutual information:

1 1
I, v;) = log,—— — log,————
( ]) gsz(ui) gsz(ui"}j)
pu(uilv;) pv(vju)
=log,————* =log,—————
? pu(u) ? PV(V,')

(4.26)
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since py (u:|v;)pr (v;) = py (vilui)pu (u:) = puv (u;, v;), where pyy (u;, v;) is the joint distri-
bution of u;, v;.

The mutual information is the average of I (u;, v;) over the input symbol set U and output
symbol set Vand is given by

- Z ZPUV(uiv vl (ui, v;)

(ui]v;)
D2 pur () logy 5 R

PV(VJ|”1')
E E u;, v;) log, ————=
2 pur( j) 23] PV(V/‘)

Expanding the log term we have

ZZPUV ui, vj) logy pu(u ZZPUV ui, v;) 1ogy pu (uilv;)
= —Zpu ) log, pu(u < ZZPUV Ui, vy logpu(uzlvj)>

=H(U)-HU|V)
(4.28)
where the entropy H(U) and the conditional entropy H(U|V) are given by
HU) ==Y pu(u;) log,py (u;) (4.29)
H(U[V) ZPV VJ U‘Vl ZZPV Vi PU(“1|VJ) 10g2PU(”z|vj)
J
(4.30)
==Y pov(u,vy) log, pu(uilv))
i
By symmetry we also obtain the following expression:
(U, V)=H(V)—-H(V|U) 4.31)
where the entropy H(¥) and the conditional entropy H(V|U) are given by
H(V) == pr(v)logpyr(v) (4.32)
J
H(V|U) Zpu w)H(Vu;) = ZZPU w;)py (viu:) 1og, py (viu:)
(4.33)

=- Z ZPUV(”:', vj) log, py (vju;)
i
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Theorem 4.5  The mutual information obeys the following relationship:

1. I(UV)>0.

2. (U V)=0if and only if U and V are independent.
3. [UV)=1VU)

[

Channel capacity

The information channel capacity is the maximum of the mutual information over all
possible input symbol distributions

C= max I(U,V) (4.34)

pu(w)

To see why the maximum is carried out over py (u;) only, we need to examine (4.32) and
(4.33). Applying the total probability theorem we have py(v;) = >, pr(vjui)pu (u;).
Furthermore, puy (u;,v;) = py(vjlui))pu(u;), thus I(U,V) is a function of py(u;) and
pv(vjlu;). The channel transition probabilities py(vi|u;) which completely describe the
channel are fixed once the channel model is specified. This leaves the designer with only
the choice of finding a suitable py(u;) to maximize the mutual information. Thus, the
channel capacity depends only on the channel transition probabilities. In practice, finding
a suitable input symbol (code word) distribution is equivalent to finding a suitable channel
code to approach the channel capacity defined in (4.34). A suitable code must apparently
have code words that contain long message blocks to be efficient and the code must be able
to correct as many errors as possible in the message blocks given the channel model, that is,
its transition probabilities. The smaller the specified bit error probability, the larger the size
of the code words in order to average out the channel errors (by the law of large numbers). In
other words, there exist codes that allow one to arbitrarily approach channel capacity via the
optimization in (4.34) and at the same time arbitrarily approach a specified error rate via
the law of large numbers. This is the essence of Shannon noisy channel coding. If the
information rate exceeds the Shannon channel capacity, then the error rate cannot be kept
arbitrarily small.

The channel capacity unit is coded bits/input symbol since this is the unit of entropy. If the
unit is in coded bits/second, then we need to multiply the channel capacity in coded bits/
input symbol by the input symbol rate in input symbols/second to have the channel capacity
in coded bits/second. We can restate the Shannon channel capacity in an alternate way
using the Shannon main theorem, described next.

Shannon noisy channel coding theorem (main theorem)

Let C be the capacity of a discrete channel, and H be the entropy per second of a discrete
source. If H < C, there exists a coding system such that the output of the source can be
transmitted over the channel with an arbitrarily small frequency of errors.
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The meaning of the Shannon main theorem can be interpreted in the following manner.
Let X be a discrete source with M source symbols and entropy H(X) in bits/source symbol.
The source symbols are encoded into M channel input symbols (code words). For example,
if the source symbol (message block) has & bits and the input symbol (code word) has n > k
coded bits, then the code rate is r = k/n. Assume that the source transmits R source symbols/
second, then the source entropy in bits/second is H = RH(X) bits/second. The channel
capacity Cis given in coded bits/input symbol. The channel capacity is C = RC/r coded bits/
second. If H < C then we have RH(X) < RC/r. This implies » < C/H(X). The key to
designing a good communication system is to find a code with rate r close to C/H(X) that
can meet a specified error rate.

u

The converse of the Shannon noisy channel coding theorem is if H > C it is not possible to
transmit the output of the source over the channel with an arbitrarily small frequency of errors.

With the publication of his work [1,2], Shannon opened the field of coding theory and set
the course for coding theorists to discover many types of efficient codes [4,5] capable of
achieving what Shannon stated in his famous main theorem.

Example 4.4 Binary symmetric channel

The binary symmetric channel (BSC) in Figure 4.4 is a simple but widely used model for
binary communication systems. In this channel model the binary source is equally likely
with distribution 0.5 for bit 0 and 0.5 for bit 1. Hence, the source entropy is 1 bit. The source
transmits the bits unaltered (no channel coding) and the channel transition probabilities are
given by

p(0[1) = p(110) = p, p(0]0) =p(1]1) =1 —p (4.35)
Using (4.31) and (4.34) we obtain the capacity of the binary symmetric channel as follows:
C=1+plog,p+ (1 —p)log,(1—p) (4.36)

It is 1 bit when p = 0 or 1, and 0 when p = 0.5.
[

Example 4.5 Repetition code
Let us consider a BSC with p = 1072, From Example 4.4, we obtain the channel capacity
C = 0.919 bits. Suppose we want to send information bits over this channel with arbitrarily

Binary symmetric channel.
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small error probability, then according to the Shannon main theorem there exist codes with
rate r < C/H(X) = 0.919/1 = 0.919 that can accomplish this task. For simplicity we
consider the repetition code (n,1) with code rate » = 1/n, where an information bit is encoded
by repetition into a code word (channel input symbol) of # identical bits. For example, in a
(3.1) repetition code the following encoding is carried out: 0 — (000), 1 — (111). In
practice, the code word length » is commonly chosen to be an odd integer. Thus, if a
received code word has more Os than 1s, the decoded bit is bit 0. Otherwise, the decoded bit
is bit 1. An error occurs when | (n — 1)/2] or more coded bits out of # bits are received
incorrectly, where | (n — 1)/2] is the largest integer no greater than (n — 1)/2. Thus a (n,1)
repetition code can correct = | (n — 1) /2] errors in a code word. The bit error probability,
which is the same as the code word error probability (a code word carries only one
information bit), for the coded system is given by

n
P, = ’.’) i(1—p)" 4.37
: ,»;1 ( ;P =p) (4.37)
Numerically we have » = 1/3 yields P, = 3 x 10~* and » = 1/5 yields P, = 10~°. Thus
we can achieve arbitrarily small error probability by using longer codes. For the same
transmission rate a repetition code decreases the channel throughput by a factor ». This also
implies that the transmission rate over the channel will be n times larger for a constant
throughput, and hence the physical channel must have a larger bandwidth to accommodate
this higher transmission rate. In the next example we introduce a more efficient code to
reduce the transmission rate as compared with the repetition code.

[

Example 4.6 Hamming code

The historic (n,k) Hamming codes with code rate » = k/n were first discovered by Richard
W. Hamming in 1950 [6]. For a positive integer m > 3 the code structure is summarized as
follows:

Code word length n=2"—-1
Message block k=2"—-1-—m
Parity-check block n—k=m
Error-correcting capability t=1

Minimum Hamming distance dpin = 3

The message block is the number of information bits; the parity-check block is unique to
the code and is a linear sum of the information bits. The Hamming distance between two
different code words is the number of positions in which they differ. The error-correcting
capability ¢ is related to the minimum Hamming distance as ¢ = | (dy, — 1)/2]. In other
words, we also have d,,;, > 2t 4 1. Note that this relationship holds for repetition code (7,1)
for any #n (even or odd). To prove this relationship, which is true for any linear block code, let
t be a positive integer such that the following inequalities hold:
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Table 4.1 The (7,4) Hamming code

Message block Code word Message block Code word
0000 0000000 1000 1101000
0001 1010001 1001 0111001
0010 1110010 1010 0011010
0011 0100011 1011 1001011
0100 0110100 1100 1011100
0101 1100101 1101 0001101
0110 1000110 1110 0101110
0111 0010111 1111 1111111
2t+ 1 < dyin <2t +2 (4.38)

Letu, v, and w be the transmitted code word, the received word, and an arbitrary code word in the
code. Applying the triangle inequality to the Hamming distances among u, v, and w, we obtain

d(u,v) +d(w,v) > d(u,w) (4.39)

Note that d(u, w) > dyin > 2t + 1, therefore any error pattern which has less than or equal
fo t errors, that is, d(u, v) < t, results in the following inequality for an arbitrary w:

dw,v) > 20+ 1 —t=1+1 (4.40)

The decoder selects u over all w’s in the code since u is closer in Hamming distance to v.

Table 4.1 shows the 16 code words of the (7,4) Hamming code together with the
corresponding message block. The first three bits are the parity-check bits and the last
four bits are the message bits.

The code word error probability is given in (4.37). Using the approximation that for an
error pattern of i > ¢ errors, at most 7 + ¢ errors can occur if all i channel errors occur in
the information bits and ¢ correct bits are changed by the decoder. Thus, there is a fraction
(i+ t)/n of k information bits to be decoded erroneously, and hence the bit error probability
of the coded system is given by [5]

- i+t(n i n—i
P, ~ ,ZIT<i>p (1-p) 4.41)
i=t+

For a BSC with p = 1072 we obtain the bit error probability P, ~ 6 x 10~*. Therefore, the
(7,4) Hamming code increases the transmission rate by a factor 7/4.
(]

4.4 Gaussian channel

The Gaussian channel is the most important channel in communication. In practice, it
models most physical channels, including both wired and wireless channels. Theoretically,
the Gaussian channel is depicted in Figure 4.5(a) with the continuous output random
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(a) Gaussian channel. (b) Vector Gaussian channel.

variable X being the sum of the input random variable S and the independent continuous
channel noise variable N:

X=S+N (4.42)

The noise variable N is a Gaussian random variable with zero mean and variance ¢°. It is a
common practice to write the Gaussian noise variable as N (0, ¢?). The probability density
function of N (0, ¢?) is given by
SR S

Sl = e (4.43)
This channel model is usually referred to as an additive Gaussian noise (AGN) channel. If
the noise has a constant power spectral density function (called white noise) then the channel
is referred to as an additive white Gaussian noise (AWGN) channel. Figure 4.5(b) depicts
the case of a multiple input-multiple output Gaussian channel (vector Gaussian channel),
where the continuous output random vector X is the sum of the input random vector S and
the independent continuous channel noise vector N:

X=S+N (4.44)

The components of NV are independent and identically distributed (iid) Gaussian random
variables, each with zero mean and common variance ¢°. For the vector Gaussian channel,
the probability density function of the noise vector N (0, o) is simply the joint density of its
n independent components and is given by

1 *ifv?/laz
In(m) = me i

(4.45)
Figure 4.6 illustrates the Gaussian channel model of a coded communication system.
The mapping u; — S; represents the equivalent lowpass model of the modulator. It maps
the code word u; into the voltage vector S;. For example, the code word u; = (010) is
mapped into S; = (vEy, —/Ep, VEp), which is the equivalent lowpass vector of the
set of three PSK signals (4 cos 2zf.t, —A cos 2xf.t, A cos 2xf.t), each defined in their
time interval. The mapping X — v; represents the equivalent lowpass model of the
demodulator. It maps the received voltage vector X into the received word v;. The two
mappings and the Gaussian channel model constitute the discrete channel shown in
Figure 4.2.



136

Information theory and channel coding
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A coded Gaussian channel.

Since the Gaussian random variable is a continuous random variable, the definition of
entropy for a discrete random variable does not apply in a straightforward manner. To
illustrate this case let us approximate the probability density function fx (x) by a probability
distribution function p;, where p; = fx(x;) Ax is the area under fx(x) in the ith interval of
width Ax. Note that in the limit we have

i

Spi= S eluar = [ =1 (4.46)

The entropy of the approximating distribution is given by

H = _Zpi10g2pi

=- fo (xi) Ax log, [fi (x;) Ax]
' (4.47)
= — fo(x,-) logyfx (x;) Ax — log, Ax fo(x,»)Ax

= > el logyfe(x) Ax  log; Ax

In the limit as Ax — 0 the second term becomes infinite and renders the entropy of a
continuous random variable infinite. But since the second term of H is common to any
two density functions fy(x) and gx(x), the difference in their entropies is equal to the
difference of the first terms and is finite as long as their first terms are. The first term of H is
commonly referred to as the differential entropy.

Differential entropy

Definition 4.6  The differential entropy h(X) of a continuous random variable X with a given
density function fy (x) is defined as

b = = | o togsfie) 449)
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Definition 4.7  The differential entropy h(X) of a continuous n-dimensional random vector X
with a given density function fx(x) is defined as

h(X)=— fo(x) log, fx(x) dx (4.49)

where the integral symbol represents n-fold integration.

Example 4.7 Differential entropy of a Gaussian random variable
Let X be a Gaussian random variable with mean Xand variance 2. Calculating the differ-
ential entropy in bits we get

h(X) =— Ji" fx(x) log, [\/g_me—(x—@z/zaz} &

00 \2
= J_ Sr(x) llogz(\/ﬂa) —i—%logze] dx

log, e (4.50)

202

— log, (V270) + —2 E{(x — X))

1 1
= EIng 2ro” + 5 log, e

1
=3 log, 27ec?

Therefore, the differential entropy of a Gaussian random variable is independent of
the mean.
[

Example 4.8 Differential entropy of a Gaussian random vector

Let X be an n-dimensional Gaussian random vector with iid components, each with zero
mean and variance o2. Because entropy adds for independent random variables, the differ-
ential entropy of X is given by the sum of differential entropies of its components, and we
obtain

h(X) = glogz e 4.51)

Theorem 4.8 (Maximum differential entropy) The Gaussian random variable X with
arbitrary mean X and variance o* has the largest differential entropy of all random
variables of the same mean and variance.
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Proof By applying the Jensen inequality to a concave function u(X) of arandom variable X
(a function is concave if it always lies above any chord; log x and /x for x > 0 are examples
of concave functions) which states that

E{u(X)} <u{E(X)} (4.52)

we obtain, for arbitrary density functions fy (x) and g (x) with the same mean X and variance o2,

gX)\ ™ . g(x)
E@%AMQ—LJAW&ﬁww
<togB(£50) <tor, [ A £%ac sy
Slogzro g(x)dx =log, 1 =0

Hence, the upper bound of the differential entropy 4(X) of the random variable X with
arbitrary density function fx (x) is given by

0= woentmars - fwossmar  @sh

Since the density function g(x) is arbitrary we can choose it to be a Gaussian density
function with mean X and variance ¢ as those of fy (x). Therefore, using (4.50) we have

h(X) __ Joc fX(x) logz[ e(x/\_’)2/202:| due

1
1 vino (4.55)
< Elog2 2rec”

The right-hand side of the above inequality is the differential entropy of a Gaussian random
variable with variance o2. Thus the Gaussian random variable attains the largest differential
entropy. In summary we have

1
MaXg (v 77} — 2 h(X) = Elog2 2mea? (4.56)

The above result can be generalized to the case of a random vector X with iid components as
follows:

maxgh(X) = glogz 2med’ 4.57)

where K = E{(X — X)' (X — X)} = 61, is the covariance matrix of X, and I, is the n x n
identity matrix.
L]

Mutual information and channel capacity

Using the concept of differential entropy we can extend the definition of mutual information
between two discrete random variables to two continuous random variables.



139 4.4 Gaussian channel

Definition 4.9 The mutual information I(X,Y) between two continuous random variables X

and Y with a given joint density function fyy(x,y) = fypy (V[X)fx (x) = fx;y (x[V)fy (), is
defined as

_ R X XY(xvy)
000 = [ [ ptesyion e aes

(> fY\X(y|x)
- | Jiwfxy(x,y)logz o

N Sy (x]y)
J,OOfXY(x’y) 10g2 fX(x)

dxdy (4.58)

dxdy

Definition 410 Let X and Y be two continuous random variables with the joint
density function fyy(x,y). The conditional differential entropies h(X|Y) and h(YX) are
defined as

bl == | A0 | orleb) g ) ey
(4.59)

_ j Jir () loga fipy (xly) dxdy

—00 —0Q
and

o]

B0 == [ @) | Ol o fur o) ey

(4.60)

_ j fir (x,) loga fyx () dxdy

—00 J—00

From the above definitions we obtain the mutual information in terms of the differential
entropies as follows:

I(X,Y) = h(X) — h(X|Y) = h(Y) — h(Y|X) (4.61)

Definition 4.11  The information capacity of a Gaussian channel X= S+ N with S = 0 and
power constraint E(S?) < P and independent noise N(0,0?) in bits/transmission (bits/
channel use) is defined as

C = maxge) pl (S, X) = %logz(l + SNR) (4.62)

where SNR = P/o? is the signal-to-noise ratio.

Similarly, the information capacity of a vector Gaussian channel X = S + N, where § is
an n-dimensional random vector with independent zero mean components, and variance
E(S?)=P;,i=12, ..., n, such that >, P; = &, and noise vector N whose components
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are independent zero mean Gaussian random variables, and variance cr?, i=12, ...,n,i18
given in bits/vector transmission (bits/vector channel use) as

n
1
C = maxg(ss)< [(S, X) = maxgss)<p E1ogz(1 + SNR;) (4.63)
i=1
where SNR; = P;/o? and >, Pi = 9.

The calculation of the channel capacity follows directly from the definition of mutual
information. We have

I(S,X) = h(X) — h(X|S)
= h(X) — h(S + N|S)
= h(X) — h(N|S) (4.64)
= h(X) — h(N)

1
h(X) — Elog2 2rec?

Furthermore, E(X?) = E{(S+N)*} = E(S2 + 2SN + N?) < P+ 0> and hence the
entropy of X is upper bounded by the entropy of a Gaussian random variable with variance
P + ¢, which is }log, 2we(P + o?). Therefore, we obtain

1 P 1
I1(S,X) <zlog,| 1 +—= ) = =log,(1 + SNR) (4.65)
2 o2 2

The information capacity of the Gaussian channel is the maximum of (S, X) and is achieved
when input S is a Gaussian random variable with zero mean and variance P.

The result for a vector Gaussian channel can be investigated via the constraint optimiza-
tion problem, which for this case can be solved using Lagrange multipliers. Consider the
Lagrangian

n 1 Pl n
‘8()“7P17“'7Pn):ZEIOg2(1+;> _;~ZP:' (466)
i=1 i i=1

where A is the Lagrange multiplier. The Kuhn—Tucker condition for the optimality of a
power allocation is given by

oP; | <0if P,=0

And hence the power constraint optimization problem yields the following power
allocation:

o,
P; = max (07 i 0i> (4.68)

where the Lagrange multiplier is selected such that Y} | P; = 2.
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In the special case where the noise vector has iid components with zero mean and
common variance o2, the power allocation strategy allocates equal signal power P to each
subchannel, that is, P = #/n. Therefore,

C = maxgsg) < 1(S, X) = glogz(l + SNR) (4.69)

where SNR = @ /no* = P/o?* is the subchannel signal-to-noise ratio. As expected, the
information capacity of a vector Gaussian channel with iid noise is » times its subchannel
capacity. The analysis of a vector Gaussian channel in this case is identical to that of a scalar
Gaussian channel.

Example 4.9 Vector Gaussian channel and water-filling strategy

Let us consider the case of a vector Gaussian channel consisting of n parallel Gaussian
subchannels. One example of this is orthogonal frequency division multiplexing (OFDM),
which is employed in the popular IEEE 802.11a,g and 802.16¢ standards. OFDM employs n
orthogonal subcarriers separated by the subcarrier symbol rate. In this case a symbol
transmitted by a subcarrier can be represented by a component of the input Gaussian vector S.
Figure 4.7 plots the noise power for each subchannel to illustrate the power allocation
strategy to achieve the channel capacity. The total signal power and noise power in each
subchannel is set at 1 /2. Starting with the subchannel with the lowest noise power, allocate
the signal power to reach this level, and move on to the subchannel with the next lowest
noise power until all subchannels are allocated with power from &. If the noise power is
above 1/2/ allocate no signal power. Thus, strong subchannels are allocated more signal
power than weaker subchannels to take advantage of better subchannel conditions, with
none for very poor subchannels since they convey almost no information. This power
allocation is similar to filling a vessel with water and is referred to as the water-filling
strategy. The water level is 1/2/ and the depth of the water in a subchannel is its signal
power.

Py=0

Il | Il Il Il Il Il Il Il
T T T T T T T T T >

1 2 3 4 5 6 7 8 9  Subchannel

Water filling strategy.
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For numerical illustration consider the case of three subchannels with noise powers
0} =5, 05 =1, 02 = 8 power units. The total signal power for allocating to the three
subchannels is # = 10 power units. We have

1 2 1
P —max<0, ﬁ—al) —max(O, ﬂ—S)

P, = max (0, i — ag) = max (O, L — 1) (4.70)

1 ) 1
Ps —max<0, ﬂ—@) = max(O, i 8)

subject to > .: , P;=% = 10. Solving for the subchannel signal power we obtain
P, =3, P,=7,and P; = 0 with 1/22 = 8.

Using the above background fundamentals we arrive at the following information
capacity theorem for a Gaussian channel with a power constraint.
]

Theorem 4.12 (Gaussian channel capacity theorem) The information capacity of a
Gaussian channel with independent noise N(0, %) and power constraint P in bits/trans-
mission is

1 P 1
szlogz(l —i—;) zilogz(l + SNR) 4.71)
For a rate less than C, there exists a coding system such that the code words can be

transmitted over the channel with an arbitrarily small frequency of errors.
[

Example 4.10 Sphere packing bound
The sphere packing bound is a simple method to calculate the information capacity of a
Gaussian channel with independent noise N (0, ¢*) and power constraint P. Consider a code
with equally likely code words long enough to average out the errors. Each code word is
represented by an n-dimensional vector § whose components have a common mean-square
value P. Each reception represented by a component of a received vector X has a mean-square
value P + o°. All received vectors X have a mean-square value n(P + ¢°) and lie within an
n-dimensional sphere of radius \/n(P + 02). Each received vector is distributed around its
mean S and variance equal to the variance of the noise vector N, which is no?. The decoding
spheres of all received vectors X have a radius equal to Vno?. If a received vector X falls
within its decoding sphere centered on the transmitted vector S there would be no error, and
this happens with high probability with long code words. Otherwise, if the received vector falls
outside its decoding sphere, there would be an error, and this happens with low probability.
The question is how many decoding spheres can be packed within a sphere of radius
\/n(P + 02). Since each decoding sphere is associated with a code word, the more



143

4.4 Gaussian channel

decoding spheres that can be packed within the larger sphere, the more code words that can
be sent and the higher the channel capacity. The volume of an n-dimensional sphere is
proportional to the nth power of its radius. Thus, the maximum number of decoding spheres
that can be packed into the receiving sphere is at most equal to

2\11/2 n/2
b [1 " Pz} = 2fen127) (4.72)
[naz]"/ o

This number is also the maximum number of code words that can be sent. Hence, the
number of bits that can be reliably sent over the Gaussian channel per code word is at most
2]og, (1 + P/0?), and the number of bits per transmission is $1og, (1 + P/c?).

[

Example 4.11 Conversion of a Gaussian channel to a discrete channel

A Gaussian channel with arbitrary discrete input S can be converted into a discrete channel if
the mappings are known (Figure 4.6). Consider the case of a Gaussian channel where PSK
signaling is employed with bits 0 and 1 represented by two physical waveforms
A cos 2xf.t and — A cos 2xf.t, respectively. The mappings of bits 0 and 1 to the input
scalar random variable S are

0:Acos2xfit, 0 <t<T — §=+/P,and
1:—Acos2afit, 0 <t<T — §S=—/P.

Here T represents the transmission time of a PSK waveform (bit time) and E(S?) = P. The
bit error probability for optimum detection of PSK signals is given in Chapter 7 as
p = O(V2SNR), where Q(-) is the Gaussian integral function defined in (3.164) and
repeated here for convenience:
_ 1 > —x2 /2
O(a) = Vo L e dx (4.73)

Thus, we can convert the Gaussian channel with PSK signaling into a binary symmetric
channel with crossover probability p and capacity C = 1 + plog, p + (1 — p) log,(1 — p).
The maximum transmission rate of a PSK signaling is 1bit per transmission and this
happens when p = 0 (noiseless channel or infinite SNR). For numerical illustration consider
the case of SNR = 2.7 or 4.3 dB, which results in p = 102, The capacity of the BSC is C =
0.919 bits. For the same SNR the information capacity of a Gaussian channel with Gaussian
input is given by C = Llog, (1 + SNR) = Llog,(1 + 2.7) = 0.94 bits. Thus, at p= 10", the
capacity of a BSC is about 3% below that of a Gaussian channel with Gaussian input.

Now let us consider the case of SNR =9.1 or 9.6 dB. This results in a PSK bit error probability
of p=10">. The information capacity of the BSC is very close to 1 bit/transmission. On the other
hand, to achieve the information capacity of 1 bit/transmission, the Gaussian channel with
Gaussian input requires SNR = 3 or 4.8 dB. Thus, there is a potential power gain of 9.5—4.8 =
4.7 dB for communication over the BSC at 1 bit/transmission at a bit error rate of 10>,
[
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Bandlimited Gaussian channel capacity

So far the study of the information capacity of both discrete and Gaussian channels makes no
mention of the channel bandwidth. In the physical world all channels are almost bandlimited
and therefore the transmission of physical waveforms over such channels must comply with
this spectrum constraint. Note that a waveform that is strictly bandlimited cannot be time-
limited, although most of them are almost time-limited; that is, most of its energy is confined
within a finite duration of time good enough for practical applications.

Suppose the channel is bandlimited to a bandwidth designated as B (with units in Hz).
According to the sampling theorem, any physical waveform that complies with this band-
width constraint can be uniquely represented in any time interval 7'seconds by no more than
2BTsamples taken every 1/2B seconds apart. This is the case because the Nyquist sampling
rate for a bandlimited waveform is 2B samples/second. Furthermore, if the Gaussian noise
has constant power spectral density (white noise), the noise samples that accompany the
waveform samples are iid Gaussian samples. The information capacity for a bandlimited
Gaussian channel is therefore given by

1 P 1 .
C= Elog2 (1 + —2> = zlogz(l + SNR) bits/sample (4.74)
o
Since there are 2B samples each second, the capacity can be expressed in bits/second as follows:

P .
C = Blog, (1 + —2) = Blog,(1 + SNR) bits/second (4.75)
O

Gaussian channel with discrete inputs

The information capacity of a Gaussian channel was achieved with Gaussian inputs.
Suppose we restrict the channel inputs to a finite set. This is the case of digital signaling
where a set of M distinct waveforms represents a set of M symbols. The channel outputs are
still continuous random variables because noise is Gaussian. Obviously, the channel
capacity is reduced by putting a restriction on the channel inputs. But if the reduction is
small then the choice is justifiable especially when the coding scheme is less complex. For
digital signals such as those discussed in Chapters 2 and 6, the signal points in their signal
space represent the channel discrete inputs. Let the set of L-dimensional signal vectors be
{si = (si1, 802, -y 8i1),i = 1,2, ..., M} and let their distribution be p;, i = 1,2,..., M. By
using a modified version of (4.58), the capacity of a vector Gaussian channel X = s; + N
where N = N(0, 6?), with the above restriction of the channel inputs, is given by
f Xls;: (x |S,- )

M
C = max ; . (x|s;) log, ————=dx
x> g (el oms D

M
f s (X |S; (476)
- Zp,- JfX\si(x\Si) logzwdx
1 i:1

2 pifxs, (xls)
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where the integral is an L-fold integral and the L-dimensional Gaussian density function

Ix1s,(xls;) is
1 L
fX‘Si (x|si) = ﬁ efﬁzk:] (xk*sik)z

27[0)

R (4.77)

(Vo)

For digital communications all symbols are equally likely, therefore the signal vector
distribution p;, i = 1,2, ..., M, is constrained to p; = 1 /M, i = 1,2,..., M. Thus the chan-
nel capacity given asetof s;, i = 1.2,...,M is

C= Z J\fX\sl x|s, lOgZM dx
ZIPJfX\sj (x]s;)
j=

< e lle—sil /20 (+.78)
_ Z J g dx
P (V2ro)" MY e lx=sl’/20?
J=1

To simplify the integration we make the following transformation of integration variables.
Letting v; = s5;/0 and y = (x — ;) /0, we have

eI/

_ iij L - 210g, < dy
=M (V2n) M-S el
=i (4.79)
~ log, M — Z J el 1o, Ze ineslF 202 gy
Since ||y + v; — ij = v — ij +2 [v,- — vj] v + ||ly|I%, we obtain

M M
1 1 lulf2 lytri—yil? 2
C=log, M — E _J( Zn)Le Ivll"/2 log, E 1 e~ IyHri=vll"/26lvl"/2 dy
vV =

M M

1 1 2 2 t

— log, M — Z_J eI 2 10g, S e lnlF2 = o)y gy
i—1 M (\/ 271')L =1

(4.80)

For one-dimensional (L = 1) signal vectors such as PSK and ASK and two-dimensional (L =
2) signal vectors such as MPSK and MQAM (Chapter 6) we note that the average energy
per dimension is (1/LM) 3"V, ||s;]|*, and the noise variance per dimension is 2, therefore
the average signal-to-noise ratio per dimension is SNR = (1/LM)Y M, \ls; /o||* =
(1/LM) Y, |[v:[|%. Thus, the channel capacity for these digital signals can be calculated
as a function of the average signal-to-noise ratio per dimension. For a white Gaussian noise
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channel with power spectral density Ny /2, the variance of a component of the noise vector N
is 0> = Ny/2 (Chapter 7). The squared length (squared norm) of the signal vector s; is the
signal energy E;, that is, E; = ||s,A||2 . This is the result that arises from the use of orthonormal
basis functions to obtain the signal vectors (Chapters 2 and 6). Furthermore, the noise vector
provides sufficient statistics for the detection of signal vectors (Chapter 3). Hence, the
average signal-to-noise ratio per dimension is SNR = 2E; /LNy, where the average signal
(symbol) energy is E; and is given by E; = (1/M) Zf‘i | Ei. Since v; = s;/0, we get
|[v:|* = 2E;/No. The normalized signal vector v; can therefore be expressed in term of the
average symbol energy-to-noise density ratio E; /Ny as v; = \/Es/No¢;, where ¢; is a fixed
constant vector characterizing a given signal set. The channel capacity can then be calcu-
lated as a function of E;/Np and is shown in Figure 4.8 for some digital modulation
techniques [12,14,28]. These are two-dimensional (L = 2) signaling techniques, therefore
the integral in (4.80) is a double-integral. The capacity of the vector Gaussian channel is
C = (L/2)log,(1 + SNR) =log,(1 + SNR) bits/symbol. The average signal-to-noise
ratio per dimension is SNR = E;/Ny. The potential coding gain (reduction in SNR at
the same bit error probability) is about 7.5-8.5dB if channel coding is employed. For
example, QPSK requires 13.5dB in SNR to achieve a bit error probability of 107® and a
capacity of 2 bits/symbol. On the other hand, the channel capacity theorem says that the
required SNR is only 5 dB for communication at 2 bits/symbol. Furthermore, channel coding
does not need to increase the bandwidth as with repetition codes or Hamming code. Instead,

C, bits/symbol

-5 0 5 10 15 20 25

Capacity of digital modulation techniques versus the Shannon limit log, (1 + SNR), where SNR = £/ No.
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one can employ an expand signal space, for example, from 16QAM to 64QAM, to
compensate for the increase in the channel bit rate due to the redundancy of the code. The
use of 64QAM (capacity is 6 bits/symbol) reduces the bandwidth by a factor of 6/4 as
compared to 16QAM (capacity is 4 bits/symbol). This fact permits the use of codes with rate
4/6 with 64QAM to achieve the same bandwidth as uncoded 16QAM (thus, both uncoded
16QAM and coded 64QAM signals provide a capacity of 4 bits/symbol). Furthermore, at
4 bits/symbol, 64QAM requires about 8 dB less in SNR as compared to 16QAM, thus a
potential coding gain of 8 dB can be achieved with codes of rate 4/6.

4.5 Channel coding with block codes

Many types of error-correcting codes have been discovered to realize the coding gain
promised by the Shannon channel capacity. In this section we provide the general descrip-
tion of some popular linear block codes. The famous historic Hamming code has been
discussed previously. An (n, k) linear block code with k& information bits and n—k parity-
check bits has k linearly independent code words, and the remaining 2% — & code words are
linear combinations of these £ code words. A code word can be generated by the £ X n
generator matrix G and the 1 x k message vector i via the following operation:

¢=iG 4.81)

The generator matrix G can be put into the following forms which produce linear systematic
block codes:

G=[I PlorG=[P I] (4.82)

The matrix I is the k x k identity matrix. For example, the following generator matrices can
produce the set of 16 Hamming code words:

10001 0 1 1101000
01001 1 1 01 10100
G=1lo0 1011 0/@G=11 171001 0 (4.83)
000101 1 101000 1

Note that for systematic codes generated by G = [P I k] the last & bits of the code words
are identical to the information bits. On the other hand, if G = [I; P] is used, the first &
bits of the code words are identical to the information bits. Note that the rows of G are
linearly independent.

Associated with a generator matrix is an (n — k) X n parity check matrix H that satisfies
the relationship

HG' =0 or GH' = 0 (4.84)
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where 0 is a null matrix. For a systematic code the parity-check matrix assumes the
following forms

H= [P I, ,JorH=[I,_; P'] (4.85)
It is seen that ¢ is a code word if and only if the following relationship holds:
cH =0 (4.86)
The parity-check matrices for the above generator matrices are given by

1 1101 00 1 001 0 11
H=]0 1 1 1 0 1 0Ofand H=|0 1 0 1 1 1 0 (4.87)
1 1.0 1 0 0 1 001 01 11
The symmetry relationship in (4.84) shows that H can be used as a generator matrix for an
(n,n — k) linear block code and G as a parity-check matrix. The rows of H are linearly
independent. The parity-check matrix therefore performs n — k parity checks on » bits of the
received word.
The decoding of simple block codes can be carried out via syndrome decoding. Let the
code word ¢ be transmitted over a noisy channel, and hence the received word » may contain
errors as follows:

r=c+e (4.88)

where e is the error word or error pattern, which is the zero vector when there is no error.
The syndrome vector s is defined as

s=rH’
= (¢+e)H (4.89)
= eH’

When there is no error, the syndrome is a zero vector. For block codes that can correct a
single error in the code words like Hamming codes, the syndrome is the column of H that
corresponds to the error position in the error vector e. Because all columns of H are distinct,
it is simple to locate the column of H that is identical to the syndrome s and correct the error.

Example 4.12 Syndrome decoding of (7,4) Hamming code
Let ¢ = (0001011) be the transmitted code word (first G of (4.83)) and r = (0101011) be
the received word. The syndrome is given by (using the first H of (4.87))

10 1
111
110

s=(0101011) [0 1 1| =(111) (4.90)
1 00
010
0 0 1]
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This syndrome matches the second column of H and indicates an error in the second element
of the vector r, which is 1 and can be corrected to 0.
[

In general, syndrome decoding is not effective for long linear block codes with multiple
errors correcting capability. In the following discussion we present some important linear
block codes.

Cyclic codes

A linear block code is cyclic if a cyclic shift of a code word is also a code word. For example,
if (co, 1y ..., cn—1) is @ code word, then (¢,—1, Co, ..eyCu2), - - - (C1,C2, .oy Cu1, Co) are also
code words. A cyclic linear block code (n, k) is characterized by its generator polynomial
gx)=1+g X+ + g, ;1 X" F1 4 X"k which yields the following generator
matrix:

1 g1 & k-1 1 0 0 0 0

01 g & Gn-t—1 1 0 0 0
G=100 1 g o k-1 1 0 01 @91

0 0 0 1 g1 1) oo En—k-2  En—k-1 1

Note that the generator matrix of a cyclic code is not in systematic form. For example, the
(7,4) cyclic Hamming code with the generator polynomial g(x) = 1 +X + X? is given by

1 101000
0110100

G= 0011010 (4.92)
00 01 1 01

Another generator polynomial for the (7,4) cyclic Hamming code is g(x) = 1 + X? + X3.

Golay codes

The Golay code is a (23,12) cyclic code with an error-correcting capability of =3 and a
minimum Hamming distance d,,;, = 7. The two generator polynomials for Golay codes are
gX)=14+X+ X+ X+ X0+ X0 X1 and g(x)=1+X +X° + X0+ X7+
X0 +xM,

Bose—Chaudhuri-Hocquenghem (BCH) codes

The BCH codes, a generalization of the Hamming code, are cyclic codes with the following
description. For positive integers m > 3 and ¢t <2"~! the code structure is summarized as
follows:
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Code word length n=2"—1
Parity-check block n—k<mt

Error-correcting capability

~

Minimum Hamming distance  d,;, > 21 + 1

Reed-Solomon (RS) codes

The RS codes are non-binary BCH codes. The encoding is performed on symbols in GF(2™)
instead of bits. There are m bits per symbol. An (n,k) RS code word has k information
symbols in a block of n symbols. Thus a code word has a total of mn coded bits. A t-error-
correcting RS code is characterized in symbols as follows:

Code word length n=2"—1
Parity-check block n—k=2t

Error-correcting capability

~

Minimum Hamming distance d,u;, = 2¢ + 1

Since RS codes can correct random symbol errors which are equivalent to random bursts of
m bit errors, RS codes are suitable for wireless applications in fading channels. The IEEE
802.16¢ employs RS (255,239) code with 8 bits/symbol in GF(2®). The bit error probability
of an RS code is given by a modified form of (4.41) as follows:

2=l A it n\ . _-
P~ i1 —p. n—i 4.
T Z . < -)ps( Ds) (4.93)

1
i=t+1

where p; is the symbol error probability at the decoder input and 2”~1/(2™ — 1) is the
average number of bit errors per symbol error.

Example 4.13 Golay code for BSC

We wish to compare the bit error probabilities of uncoded and coded systems for BSC. For
illustrative purposes we use PSK as the transmitted signal (Chapter 7) and the corresponding
bit error probability for an AWGN channel is O(v/2 SNR), where SNR is the received signal-
to-noise ratio per bit. Assume that both uncoded and coded systems transmit with the same
power, the signal-to-noise ratio per bit for the coded system is reduced by the code rate r =
k/n relative to that of the uncoded system. This happens because the coded bit rate is 1/ times
the bit rate of the uncoded system. The transition probabilities of the BSC are taken to be
p =p(0|]1) = p(1]0) = O(v/2rSNR). For Golay code we have r = 12/23. At SNR = 9.6 dB,
the bit error of the uncoded system is P, = Q(1/18.24) = 107>, The transition probabilities
of the BSC are given by p = p(0|1) = p(1]0) = Q(v/2rSNR) = 1073. Applying (4.41) we
obtain the bit error probability of the coded system as

23 .

l+3 23 30 B —i -

Phcoded =Y >3 < ; )(10 HA-103)P"=3x10"° (4.94)
=4
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At this bit error probability an uncoded PSK system would require SNR = 12.3 dB. Thus a
coding gain of 12.3 — 9.6 = 2.7 dB is realized. Note that this coding gain is achieved at the
expense of bandwidth, which increases by a factor 1/r =23/12 = 1.92.

[

Low-density parity-check (LDPC) codes

An LDPC code is a linear block code whose parity-check matrix H is a sparse matrix. LDPC
codes were first proposed by Robert G. Gallager and documented in [7,8]. Long LDPC
codes can approach the Shannon limit within a few tenths of a dB. A regular LDPC code
with block length  is defined by a parity-check matrix that has exactly w, ones in each row
and exactly w, ones in each column, where w. < w, < n. An irregular LDPC code does not
have the constant row and column weights. The rows of H are not necessarily linearly
independent and the code dimension is determined by the rank of H. A detailed investigation
of LDPC codes will continue in Section 4.6.

Concatenated codes

To achieve the large error-correcting capability of a code with long block length, two shorter
codes connected in concatenation can be employed. The first code is the outer code (n,, k,)
with code rate r, = k,/n, and the second code is the inner code (n;,k;) with code rate
r; = k;/n;. For example, the outer code can be an RS code with £;-bit symbols. Each RS code
symbol is then encoded by the inner code to form an inner code word of length n;. The
overall code rate is » = r,r;. The bit error probability of concatenated codes can be evaluated
by first calculating the bit error probability of the inner code using (4.41), for example, then
finding the bit error probability of the outer code using (4.93).

Example 4.14 Concatenated RS and Hamming codes

Consider the case where the inner code is the (7,4) Hamming code with #; = 1 error-correcting
capability. With k=4 we can select the RS code with block length
n, =2" —1=2% — 1 =15. The information block for the RS code is k, = n, — 21,,
where ¢, is the error-correcting capability. For ¢, = 3, we get the (15,9) RS code. Let us consider
a BSC whose transition probabilities are taken to be p = p(0[1) = p(1|0) = Q(v/2rSNR),
where SNR is the received signal-to-noise ratio per bit. Assume that both uncoded and coded
systems transmit with the same power, the signal-to-noise ratio per bit for the coded system is
reduced by the code rate r = r,r; = k,k;/n,n; = 0.34 relative to that of the uncoded system.
At SNR = 9.6dB, the bit error of the uncoded system is P, = Q(1/18.24) = 1075, The
transition probabilities of the BSC are given by p = Q(v/2rSNR) = 6 x 1073, First we
calculate the bit error probability of the inner Hamming code from (4.41). We have

1

Li+1 /(7 7o 4
Pbﬂzz P =p) T =32x10 (4.95)
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The symbol error probability at the input of outer RS decoder is given by
ps=1—(1—=Pyy)" =13 x 1073 Applying (4.93) we obtain the coded bit error proba-
bility as follows:

240 43715\ - B
Pem g 12213 (i)va(l—ps)“ =9x107"° (4.96)

At this bit error probability an uncoded PSK system would require SNR = 12.6 dB. Thus a
coding gain of 12.6 — 9.6 = 3 dB is realized. Note that this coding gain is achieved at the
expense of bandwidth, which increases by a factor 1/7=2.92. The advantage is the ability of
the RS outer code to correct an error burst of up to 4 consecutive bits.

[

4.6 Low-density parity-check codes (LDPC)

After being dormant for some three decades LDPC codes were revived and found use in
several applications in digital video broadcasting via satellites (DVB-S). To achieve large
coding gains, codes with long block lengths are used. For example, block length of
16,200 bits and 64,800 bits were proposed for the second generation DVB-S2 (European
Telecommunications Standards Institute (ETSI)) with rates varying from ' to %0. The
low-density property requires the parity-check matrix H to be sparse. For example, given
even n, the parity-check matrix H of dimension ' n x n may have three 1s per column
(w. = 3) and six 1s per row (w, = 6). The parity-check matrix H can be chosen at random
[18] conditioned on these constraints to ensure, in the probabilistic sense, a good code. Also
the sparseness of H enables efficient decoding.

Example 4.14 Parity-check matrix of regular (10,5) LDPC code
The parity-check matrix of a regular LDPC code of length 10 is given below:

1 111000000
1000111000

H=|0 0100010 1 1 (4.97)
01 000T1GO0T1 01
0001 100T1T1°F0

Example 4.16 Parity-check matrix of regular (12,6) LDPC code
The parity-check matrix of a regular LDPC code of length 12 is given below:
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111001100010
111110000001
00 0O0O0OT1TT1T1TO0OT1TI11

H= 1 00100011101 (4.98)
0101 10111000
00101 10O0T1T1T1FP©0

Tanner graph

The Tanner graph [27] visually describes a block code via its parity-check matrix. Since the
parity-check matrix performs n — k parity checks on n bits of the received word, one can
represent the parity-check operation by two separate sets of nodes. The left set of nodes
consists of n bit nodes (circle), one node for each bit in the code word, with no direct
connection between any two bit nodes. The right set of nodes consists of n — k check nodes
(square), one node for each parity check, with no direct connection between any two check
nodes. The check nodes are connected to the bit nodes they check via branches, that is, the
check node i is connected to the bit node j if and only if #; = 1. Thus, the n — k rows of
H specify the check nodes connections and the n columns of H specify the bit nodes
connections. The Tanner graph is a bipartite graph whose nodes are separated into two
distinct types with connections only between nodes of different types. Figure 4.9 shows the
Tanner graph of the regular LDPC code of (4.98).

Bit nodes Check nodes

Tanner graph of (12,6) LDPC Code.
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The cycle in a Tanner graph is a path that closes on itself. The shortest cycle of the
Tanner graph has four branches. Cycles degrade the performance of decoding algorithms
that are based on iterative techniques. The Tanner graph in Figure 4.9 has the shortest
cycle.

Message passing algorithm (MPA)

The decoding of LDPC is carried out by a general class of iterative algorithms commonly
referred to as message passing algorithms (MPA). The belief propagation algorithm (BPA)
proposed by Gallager [7,8] is a subclass of MPA. Another name used for MPA is the sum
product algorithm (SPA). The name MPA will be used in the subsequent discussion. For
each iteration of the algorithm, the messages (probability, likelihood ratio (LR), or In-
likelihood ratio (LLR); all are also referred to as beliefs, but it is more practical to work
with LLR) are passed along the branches from bit nodes to check nodes and from check
nodes back to bit nodes. The message sent by a bit node i to a check nodej is the belief that
i has a certain value given the observed value of i from the channel and all incoming
observables available to i from check nodes other than j. Thus, the message is extrinsic
information and is computed for each bit node/check node connection at each half-iteration.
On the other half-iteration, the message sent from a check node j to a message node i is the
belief that i has a certain value given all messages sent to j in the previous iteration from bit
nodes other than i. If at each iteration the incoming messages are independent (this is true if
the Tanner graph has no cycles) then the update beliefs can be correctly calculated.
Otherwise, the independence assumption is only true for up to the mth iteration, where m
is half the length of the shortest cycle. After that, messages circulate back on themselves in
other cycles. Simulations have shown that MPA is effective for LDPC with no length-4
cycles. In the following discussion we provide the definitions and calculations of messages
for the bit nodes.

Example 4.17 Conditional a-posteriori probability, likelihood ratio, and In-likelihood ratio of
equiprobable binary random variable

The conditional a-posteriori probabilities of an equiprobable binary random variable X
given the observed vector y = (4 y2 - -+ y,) of another random vector ¥ are denoted as
Pr(X = O|y) and Pr(X = 1|y). The conditional likelihood ratio (LR) A(X|y) of Xis defined
via Bayes rule, Pr(X = ily) = fyx(0|X = i) Pr(X =i)/fy(y), i =0,1, as

_Pr(x =0ly)  frx(p|lX =0)
A = By =) A0 = 1) 499

Similarly, the conditional In-likelihood ratio (LLR) In A(X|y) of X is defined as

P
InAX|y) = lnPr (4.100)
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For binary communications, the binary random variable X is equiprobable. Furthermore, if
the components of the random vector ¥ are independent then we also have

In A(X|y) :lnp

@.101)

Example 4.18 Binary symmetric channel

Considera BSC with X € {0,1} and Y € {0, 1}. The BSC transition probabilities are p and
1 — p. The conditional probabilities are Pr(X =0|Y =0) =Pr(X =1|Y =1)=1—-p
and Pr(X =0|Y = 1) = Pr(X = 1|Y = 0) = p. Therefore, the conditional LRs are

1—
A(0[0) = —2
P (4.102)
A1) = =
Similarly, the conditional LLRs are given by
InA(0]0) = —InA(0|1) =In(l —p) —Inp (4.103)

Example 4.19 Binary erasure channel

Considera BEC with X € {0,1} and Y € {0, 1, E}. The transition probabilities of the BEC
are given by Pr(Y =0[X =0)=Pr(Y =1|X=1)=1—p, and Pr(Y = E|X =0) =
Pr(Y = E|X = 1) = p. Therefore, the conditional probabilities are Pr(X = 0]Y =0) =
Pr(X=1|Y=1)=1, Pr(X =0]Y = 1) =Pr(X = 1|Y =0) = 0, and Pr(X =0|Y =
E) = Pr(X = 1Y = E) = 0.5. Therefore, the conditional LRs are

A(0]0) = oo, A(O[]1) =0, A(O|E) =1 (4.104)
Similarly, the conditional LLRs are given by
In A(0]0) = oo, InA(0|1) = —o0, InA(0|E) =0 (4.105)
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Example 420 AWGN channel

Consider an AWGN channel with equiprobable input X € {—4, A4}, which is obtained from
the binary input [0,1] via the mapping 0 — 4 and 1 — —A4, and the Gaussian output
Y = X + N, where N represents the Gaussian noise variable N(0,0?). The conditional
probability of X is given by

:fY\X(y|x) Pr(X = x)
fr(y)

The conditional Gaussian density function fyx(y|x) of the received variable ¥ can be
expressed as follows:

Pr(X = x|y) (4.106)

1

~(=2)?/207 4.107
€ .
V2o (4107

SrixOlx) =

Therefore, the LR is given by

Pr(X =) frwOld) e

AXy) = = = = 4.108
and consequently, we obtain the following LLR:
24
AKX =3 (4.109)
(oa

The messages for the check nodes are defined and calculated according to the parity-
check equation ¢H' = 0. Each check node sums (modulo-2 addition) the bits from adjacent
bit nodes via the parity

n n
g=ch,=> chi=> x (4.110)
i=1

i=1

where x; = c¢;hj; for a given column j of H!. Obviously, the parity g = 0,j=1,2, ..., n—kif
and only if ¢ is a code word. The message sent by a check node is the conditional LLR of g,
In A(gly), given the observed vector y. Let the conditional LR of bit x; be defined as

_ Pr(x; = 0ly;) _ Pr(x; = Oly;)
Axilyi) = Pr(x; = 1|y;) 1 — Pr(x; = Oy (@111

Therefore, the conditional probability Pr(x; = 0y;) can be evaluated as follows:

Axi]y;
Pr(x; = Oly;) = % (4.112)
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Consequently we have

A(xilyi) — 1

2Pr(x; = 0y;) — 1 =
r(x; = 0[y;) Auly) 1

@.113)
= tanh (% In A()Ci |y1)>

Furthermore, from (4.110) it is seen that the parity-check g is 0 when the number of ones in
the set of bits {x;} is even and the parity-check g is 1 when the number of ones in {x;} is odd.
If all bits x; are independent and occur with conditional probabilities Pr(x; = 0|y;) and
Pr(x; = 1]y;), then the conditional probability Pr(g = 0|y) that the set of bits {x;} contains
an even number of ones is given by [8]

Pr(g =0ly) =

l\)\
N\

H [2Pr(x; = Oly;) — 1] (4.114)

The right-hand side of (4.114) can be verified via the following proof.

Proof Let 2Pr(x;=0y;)) —1=p;, i = 1, 2, then Pr(x; =0|y;) = (1+p;)/2 and
Pr(x; = 1]y;) = (1 — p;)/2. We have

2Pr(x; +x2 = 0ly1,»2) — 1 =2Pr[(x; = 0,x, = 0[yy,12)
Ul = Loxy = 1y,n)] — 1
= 2[Pr(x; = 0,x = 0[y1,2)
+Pr(x; = L,xy = 1y1,0n)] — 1
=2Pr(x; = 0)yy) Pr(x, = 0)y»)
+2Pr(x; = 1|y1) Pr(x, = 1)yn) —

(1+p)(1+p2) +5 (= p)(1 = p2) =1 =pip2

l\)l>—‘

2 Pr(xi = Olyi) — 1]

::N

i=1

4.115)
Similarly,

2Pr(x; +x2 +x3 = 0[y1,2,33) — 1 = 2Pr[(x1 +x2) +x3 = 0ly1,32,33] — 1
= [2Pr(x1 +x2 = 0y1,)2) — 1]
x [2Pr(xs = O[y3) — 1] (4.116)

H 2Pr(x; = 0ly;) — 1]

Equation (4.114) is proved by the repeated application of this result.
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Substituting (4.113) into (4.114) we obtain

n

2Pr(g = 0ly) — 1 = [ [ 2Pr(x; = 0ly) — 1]
i=1

(4.117)
= H tanh( In A(x; y,))
The LR and LLR of the parity-check g are given respectively by
Pr(g = 0ly)
Algly) = 5 o=
) = brg = 1y)
1+ IT tanh (3 In A(xiy)) (4.118)

i=1

1— ﬁ tanh (3 In A(x;];))

i=1

and

1+ ﬁ tanh ($In A(x;]y;))
InA(gly) = In |—= @19
1 — I tanh (A In A(xi[y7))

i=1

The implementation of MPA is based on the recursive calculations of (4.101) for the bit node
LLR message and (4.119) for the check node LLR message Denote mm as the message sent
by the bit node 7 to check node / at the /™ iteration, and m ) as the message sent by the check
node j to bit node i at the /™ iteration. Note that for 1terat10n [=0, that is, the initialization, the
message mU) is independent of all the check nodes and is denoted as ml(-o). For example,

( ) = 2Ay,/a i=12, ..., n for an AWGN channel and m[@ =In(l-p)—1Inp,i=
1,2, ..., n fora BSC. The MPA is summarized as follows:

1. Initialization
') =0 forall i and ;.

° ml(jo) = ml(. ) for all i.

2. Tteration (/ = 1,2, ..., lnax)
e Check node update via (4.119)

N 1+ [Iies, tanh (mkj /2)
m; =In
erB i tanh(mkj /2)

om

(4.120)

where B; is the set of bit nodes adjacent to check node j and B;\i is the set of bit nodes
adjacent to check node j excluding bit node i.
e Bit node update via (4.101)

my =m® £y (4.121)
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where C; is the set of check nodes adjacent to bit node i and C;\ j is the set of check
nodes adjacent to bit node i excluding check node ;.
Oﬁm >0

1if m ) <0
e Stop when ¢H' = 0 or / = I,y.

e Fori=12, ...,nset¢; =

The check node message requires the calculation of a product of tanh-terms. From the
implementation point of view addition is preferable to multiplication. Therefore, it would be
advantageous to simplify the LLR of a check node. Returning to (4.118) and solving for the
product of tanh-terms we get

Algly) =1
Htanh( In A(x;|y ,)) :W

elnAlgly) _ (4.122)
T oAl +
1
= tanh (5 In A(g|y))
Consequently we have
1 n 1
InA(gly) = 2tanh™" [ ] tanh 510 ACuly) (4.123)
i=1
Consider the following identity:
1 . e Al _ 1
tanh (E In A(Xi |yl)) = [51gn[ln A(x,- |y1)]] W
(4.124)

= [sign[ln A(x;|y;)]] tanh <% [In A(x;|y;) |>

This identity allows (4.123) to be written as follows:

HSIgn ltn A(xly,) ] [thnh< [tnA x’y’”)]}

InA(gly) = 2tanh ™! {

[ﬁ sign(ln A(x; |y,)]] [2 tanh™' In"' In ﬁ tanh <; [In A(x; |y,)|> ]
i=1

i=1

i=1

[ﬁ sign[In A(xi|yi)]] lz tanh™" In”" li; tn [tanh G i Aeb) |)] ]

(4.125)

Example 4.21 A self-inverse function
Consider the function f(z) = — In[tanh(z/2)]. For z >0, f(z)is positive and monotonically
decreasing and f(z) is its own inverse, that is, f[f(z)] = z. This can be verified as follows:
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f(z) = — In[tanh(z/2)] = —In (Z . 1) —In (ez + 1) 4.126)

Solving for z in terms of f we get

z=2tanh ' [In"'[-f(2)]]

e/ 11
=In {m} (4.127)
=/1/(2)]

Using the above result in (4.125) we obtain

In Agly) = [f[ sign[ln/\(xily,»)]] lf(if(llnA(xilyi)l)ﬂ (@.128)

i=1

Applying this result to (4.120) gives an alternative method of updating the check node
message, as follows:

= ([T sl (S ()] i

Syndrome decoding discussed in Section 4.5 is the first iteration of MPA. By recursively
updating the LLRs, the decoder improves the detection probability of a code word. MPA is a
soft decoding technique and achieves a higher coding gain (about 2 dB) at low bit error
probability than predicted by (4.41) for a hard decoder.

4.7 Channel coding with convolutional codes

Convolutional codes are linear trellis codes whose code words can be described by a labeled
trellis and whose encoders are finite-state machines. The encoder of a rate » = k/n convolu-
tional code produces n output coded bits from & input information bits. A state depends only
on a finite number of past information bits. For a code with 2" states the number of past
information bits that determine a present state are between v and kv bits. The parameter K =
v+ 1 is called the constraint length of the convolutional code. Typical code rates are between
1/3 and 7/8 and constraint lengths between 2 and 8. The terminology “convolutional” refers to
the fact that the output coded bits are obtained by the convolution of the input information bits
with the encoder generator sequences (impulse responses). For illustration let us consider the
rate ' convolutional encoder in Figure 4.10. Given the input sequence = (100 . . . ), the output
sequences are the following generator sequences g; = (10100...) and g = (11100...). The
encoding operations are ¢; = i * g, and ¢, = i * g, to yield the coded bits ¢; ; = i; + i;_» and
¢y =i+ ij—1 + ij_». The two output sequences are multiplexed (parallel-to-serial conver-
sion) into a single sequence ¢ = (c1 9 €20 €11 €21 €12 €22...) for transmission.
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| €1
D —

; ) . i)
1 I l_o >
i(ja xzi(x) >

(%)

xi(x)
€

Rate % convolutional code with constraint length K = 3.

The convolutional encoder can also be described by its generator polynomials that
represent the connection between the shift registers (SR) and the modulo-2 adders. For
example, the two generator polynomials for the convolutional code in Figure 4.10 are
g1(x) =x* + 1 and g»(x) = x*> + x + 1. They represent the upper and lower connections,
respectively, where the lowest-order coefficients represent the connection to the leftmost SR
stage, and the highest-order coefficients represent the connection to the rightmost SR stage.
Given an input sequence represented by the polynomial i(x), the two output code sequences
are ¢1(x) = i(x)g (x) and ¢z (x) = i(x)g2(x), where the polynomial multiplication is carried
out in GF(2).

The number of states of the rate k/n convolutional encoder is 2", where v is given by
v="F  max;[degree g;(x)],j=1,2, ...,n,and g;(x) are the generator polynomials. The
constraint length is K = v + 1. The code polynomial vector is ¢(x) = i(x)G(x), where
c(x) = [e1(x) ca(x) -+ eu(x)], i(x) = [i1(x) i2(x) -+ ik(x)], and G(x) = [gy(x)] is the
k X n generator polynomial matrix.

Example 4.22 Rate '/ convolutional code with constraint length K = 7
The IEEE 802.11a-g employs a rate '» convolutional code with 2" = 64 states. The constraint
length is K = v + 1 = 7. The generator polynomials are given by g (x) = x4 x° + x> +
x> + land gy(x) = x® + x> +x2 + x + 1. Figure 4.11 shows the encoder with six SR stages.
The IEEE 802.11a-g employs three different code rates, namely, rate 5, 4, and %5. To
facilitate decoding at the receiver, rates %4, and %5 are obtained from rate '» by puncturing.
Puncturing is a procedure for omitting some encoded bits at the encoder output to reduce the
number of transmitted bits and increase the code rate. At the receiver dummy bits are
inserted in place of the omitted bits. To obtain rate 3% code from rate 2 code, bits 4 and 5 are
omitted for every six encoded bits (bits 1, 2, 3, and 6 are transmitted). Thus, for every three
information bits, there are four transmitted coded bits. To obtain rate % code from rate !4
code, bit 4 is omitted for every four encoded bits (bits 1, 2, and 3 are transmitted). Thus, for
every two information bits, there are three transmitted coded bits.
[
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4
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Rate %2 convolutional encoder with constraint length K = 7.

10/1

01/0

11/0

State diagram of rate %2 convolutional code with £ = 3.

Example 4.23 Catastrophic convolutional code

A catastrophic convolutional code produces an infinite number of errors at the decoder
output for a finite-channel error pattern. Consider the convolutional code with generator
polynomials g; (x) = x*> + 1 and g (x) = x + 1. For the all-one input information sequence
i=(1,1,1,...), the corresponding polynomial is i(x) =1 +x+x>+--- =1/(1+x).
Thus, the code polynomials are c;(x) =i(x)gi(x) = (x> +1)/(x+1) = (x+ 1), and
ca(x) = i(x)ga(x) = 1. The corresponding output sequences before multiplexing are
¢ =(1,1,0,0,0,...)and c; = (1,0,0,0,0,...). The transmitted code sequence after multi-
plexing ¢; and ¢; is ¢ = (1,1, 1,0, 0, ...). Therefore, if the channel causes three errors in the
first three bits of the transmitted code sequence ¢, the receiver would receive the all-zero
sequence. Since the information sequence is an all-one sequence, there are infinite errors. In
particular a rate 1/n convolutional code is catastrophic if and only if its generator poly-
nomials have a common polynomial factor. For rate k/n catastrophic convolutional codes,
the determinants of all distinct £ x k submatrices of the generator polynomial matrix do not
have a common polynomial factor.

n

The convolutional encoder is a finite-state machine, and therefore can be described by a state
diagram depicting all 2" states and the corresponding transitions between states. Figure 4.12
shows the state diagram for the convolutional encoder in Figure 4.10, where the label yz/x
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State

00

01

10

11

Trellis of rate % convolutional code with K = 3.

indicates the transition associated with the input information bit x and the output encoded bits
yz. The encoder’s corresponding trellis is shown in Figure 4.13, where the initial state is 00 and
the length of time is five information bits (or ten coded bits); the upper branch corresponds to
input information bit 0 and the lower branch corresponds to input information bit 1. The trellis
is just a concatenation of successive state diagrams in time. Each input sequence and its
corresponding code sequence are associated with a particular path through the trellis.

Hard decoding—BSC

The error-correcting capability of a convolutional code is characterized by its free distance
djice, Which is the smallest Hamming distance between any two distinct code sequences.
Since convolutional codes are linear codes, the all-zero code sequence is a legitimate code
sequence. Thus, dj.. is the Hamming weight (the total number of 1s) of the minimum-
weight path through the trellis that originates from the all-zero state and ends in the all-zero
state after a finite time. For the trellis in Figure 4.13, the minimum-weight path includes the
set of states {00, 01, 10, 00} and corresponds to the code sequence (11, 01, 11), which has
the Hamming weight of 5, hence dj.. = 5.

The decoding at the receiver can be performed on the trellis via the well-known Viterbi
algorithm, which efficiently implements the maximum likelihood (ML) sequence decoding
scheme. In practice the rate k/n encoder takes a finite-length input sequence of kL bits and
produces a finite-length output code sequence of nL bits. The decoding is carried out on each
received code sequence independently. To implement this scheme, the encoder inserts fail
bits at the end of each input sequence. If the constraint length of the code is K, the number of
tail bits is A(K— 1). The tail bits return the encoder to the initial state, which is normally the
all-zero state. This enables the decoder to reset the Viterbi algorithm to the all-zero state for
the next code sequence decoding. Hence, in practice the input sequence to the encoder can
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be represented by a k(L + K —1)-vector i and the output code sequence by a n(L + K — 1)-
vector ¢. Let us consider a discrete memoryless channel (DMC) with binary input and Q-ary
output that presents the decoder a vector r, which is the transmitted code vector ¢ that may
contain errors in its components. Using Bayes theorem we have

Pr(r|e) Pr(c)

Pr(clr) = Pr(r)

(4.130)
Since convolutional codes are linear, all code vectors of the same length are equally likely;
therefore, Pr(c) is identical for all possible values of ¢. Furthermore, Pr(r) =3 Pr(r|c) Pr(c)
is independent of whichever code vector was transmitted. The decoder that maximizes the
a-posteriori probability Pr(c|r), that is, maximizing the probability of selecting the code vector
correctly given the received vector r, is called an ML decoder. Consequently, the ML
decoder also maximizes the probability Pr(r|c), the likelihood of the transmitted code vector
¢. Since logx is a monotonically increasing function of x, the maximization of Pr(r|c) is
equivalent to the maximization of the log-likelihood function M(r|c) = log Pr(r|c), com-
monly referred to as the path metric in the Viterbi algorithm.

Example 4.24 Path metric for BSC
Consider the BSC with transition probability p. The path metric is given by

l

M(r|e) = logPr(r|c) = log[m1 Pr(r,-|cl~)}

= ilog Pr(ric;) = ZC:M(VJCI')

i=1 1

4.131)

where n, is the length of the binary vectors r and ¢, and M(r;|c;) = log Pr(r;|¢;) represents
the bit metric. For a BSC we have

l—p, ri=q¢

Pr(ri|c;) = { Py i 7 G (4.132)

Let d = d(r, ¢) be the Hamming distance between the two binary vectors r and ¢, we obtain
Pr(r|¢) = p?(1 — p)™ ? and consequently

M(r|c) = dlogp + (n. — d)log(1 — p)

= dlog <L) + n.log(1 — p) (*.133)
I—p

The term n.log(l —p) is common for all code vectors ¢. Furthermore, we have
log[p/(1 — p)] <0 for p < 0.5. Therefore, the Viterbi algorithm chooses a path in the trellis
that maximizes M(r|c) = log Pr(r|c) or, equivalently, chooses a code vector that minimizes
the Hamming distance d = d(r, ¢). This also means choosing a code vector that differs from
the received vector in the fewest places. The decoder that implements the Viterbi algorithm
for a BSC is commonly referred to as a hard decoder.

[
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10 00 10 00 00
State

00 1 0 1 o0 %3 00 24 00 25

Hard Viterbi algorithm for rate %2 convolutional code with £ = 3.

Example 4.25 Viterbi algorithm for a hard decoder

The Viterbi algorithm for each received vector r starts with an initial state which is
commonly the all-zero state. The encoder always returns to this initial state via the use of
tail bits. At each state in the trellis, the Viterbi algorithm chooses a branch that belongs to a
path with the smallest Hamming distance. This retained path is called the survivor path. All
other paths at each state with higher Hamming distances are not retained. In the case of a tie,
a survivor path might be chosen randomly. At the end of the decoding window, the survivor
path with the smallest Hamming distance is selected and the associated code vector
is chosen as the transmitted code vector. For illustration, the transmitted code vector is
¢ = (00,00,00,00,00). The channel causes two errors and the received vector is
r = (10,00,10,00,00), as shown in Figure 4.14. The path that associates with the code
sequence 00,00,00,00,00 has the minimum Hamming distance of 2 and hence is selected
as the decoding path. The two errors are corrected.

[

Soft decoding—DMC

When the components of the received vector r are voltages, such as the sample values at the
output of the matched filter in the receiver (Chapter 7), the metric can no longer be expressed
in terms of the Hamming distance. In practice, the received components of r are quantized to
Q-levels (16 to 64 levels are sufficient in practice) to form Q-ary outputs with a set of
transition probabilities Pr(r;(f)|c;]. Thus, Pr[r;(j)|c;] is the probability that the output
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Table 4.2 The bit metric M [r;(f)|¢;)] = log Pr[r;(j)|c;] for a 4-ary channel

7{0) = 09 r{1) =0, r{2) =1, r{3) = lg
M [r:(j)|0)] —-0.4 -0.5 —0.7 -1
M [r:(j)|1)] -1 —0.7 —0.5 —0.4

740) = 09 r{1) =0, r{2)=1, r{3) = 1o
M [r:(j)|0)] 10 8 5 0
M [r:(7)|1)] 0 5 8 10

Table 4.4 The uniform branch metric M [r;(j)[1)] = and M [1;(j)|0)] =3 —, 0 <j < 3,fora

4-ary channel
r40) = 0o r{1)=0, r{2)=1 r{3)= 1o
M [r:(7)[0)] 3 2 1 0
M [r;(j)|1)] 0 1 2 3

voltage of the ith bit falls in the jth quantized level given the transmitted coded bit ¢;. For
example, with QO = 4, we have the following assignments: 7;(0) = 0g, r;(1) = 0y,
r:(2) = 1y, ri(3) = lo. The quantized levels 09, 01, 1, and 1, refer to strong zero, weak
zero, weak one, and strong one, respectively. The transition probabilities depend on the
knowledge of the received signal-to-noise ratio. A common practice is to set the branch or
bit metric in some convenient positive range without affecting the performance of the Viterbi
algorithm by using the following expression:

M [ri(j)lei] = —A4 — Blog Pr(ri(j)|ci] (4.134)

where the constants 4 and B are chosen accordingly. Table 4.2 shows the branch metrics
M [ri(j)|ci)] = log Pr[ri(j)|c;i] for 4-ary channels and Table 4.3 shows the corresponding
positive branch metrics. The knowledge of the transition probabilities is required for the
computation of the metric. Furthermore, as the signal-to-noise varies in a wireless fading
channel, the metrics must be adjusted accordingly. Therefore, a fixed set of metrics that can
be easily specified and represents a good compromise over a large range of signal-to-noise
ratios is desirable. For Q-level quantization, the branch metrics are M [r;(j)|1)] = and
Mr()0)]=0—-1—j, 0<j<Q—1. Table 4.4 shows the uniform branch metric
assignment. Simulation shows a small degradation in performance over a broad range of
signal-to-noise ratios. The decoder that implements the Viterbi algorithm for a DMC is
commonly referred to as soft decoder.
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4.7 Channel coding with convolutional codes

Soft Viterbi algorithm for rate % convolutional code with K = 3.

Example 4.26 Viterbi algorithm for a soft decoder

As in the case of hard decoding, the Viterbi algorithm for each received vector r starts with
an initial state which is commonly the all-zero state. The encoder always returns to this
initial state via the use of tail bits. At each state in the trellis, the Viterbi algorithm chooses a
branch that belongs to a path with the largest path metric. This retained path is called the
survivor path. All other paths at each state with smaller path metrics are not retained. In the
case of a tie, a survivor path might be chosen randomly. At the end of the decoding window,
the survivor path with the largest path metric is selected and the associated code vector is
chosen as the transmitted code vector. For illustration the transmitted code vector is ¢ =
(00,00,00,00,00). The received quantized vector is r = (1,01, 0109, 1,00, 0900, 0000) with
two errors underlined as shown in Figure 4.15. The path that associates with the code vector
(00,00,00,00,00) has the maximum path metric of 23 and hence is selected as the decoding
path. The two errors are corrected.

[

Soft decoding—Gaussian input vector

When the received vector r is a Gaussian voltage vector, we can express r as r =s + N, where
s is the voltage vector that represents the transmitted code vector ¢, and NV is the Gaussian
noise vector whose components are independent Gaussian random variables with zero mean
and variance ¢2. Using Bayes theorem we have

fr(rle) Pr(c)

P =)

(4.135)
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The conditional Gaussian density function fg(r|c) of the received vector r can be expressed
as follows:

—(r—s:)? 2
e (V/( M) /20‘

felrie) = [[—

V2o

I
:7116

(V2r0)

(4.136)
Ir—s|* /202

Since convolutional codes are linear, all code vectors of the same length are equally likely;
therefore, Pr(c) is identical for all possible values of ¢. Furthermore, fg(r)=">_ fr(r|c) Pr(c)
is independent of whichever code vector was transmitted. The decoder that maximizes the
a-posteriori probability Pr(c|r), that is, maximizes the probability of selecting the transmitted
code vector correctly given the received vector r, is the ML decoder. Consequently, the ML
decoder also maximizes the likelihood fg(r|c) of the transmitted code vector ¢. Since log x is
a monotonically increasing function of x, the maximization of fg(r|c) is equivalent to the
maximization of the In-likelihood function M(rle) = Infr(rl¢) = —||r — s|*/26%—
nln(v/2xo), or the path metric in the Viterbi algorithm. This in turn is equivalent to
minimizing the squared Euclidean distance d® = ||r —s||* (or simply the Euclidean
distance) between the received vector r and the voltage vector s that represents the trans-
mitted code vector ¢. Therefore, the Viterbi algorithm chooses a path in the trellis that
maximizes M(r|c) = Infg(r|c), or equivalently, chooses a code vector that has the smallest
squared Euclidean distance to the received vector. The decoder that implements the Viterbi
algorithm for a Gaussian channel is referred to as the unquantized soft decoder. 1f the
received Gaussian vector r is quantized to Q levels, then the Gaussian channel becomes
a DMC.

Example 4.27 Viterbi algorithm for an unquantized soft decoder

As in the case of hard decoding, the Viterbi algorithm for each received vector r starts with
an initial state which is commonly the all-zero state. The encoder always returns to this
initial state via the use of tail bits. At each node in the trellis, the Viterbi algorithm chooses a
branch that belongs to a path with the smallest path squared Euclidean distance. This
retained path is called the survivor path. All other paths at each node with higher squared
Euclidean distances are not retained. In the case of a tie, a survivor path might be chosen
randomly. At the end of the decoding window, the survivor path with the smallest path
squared Euclidean distance is selected and the associated code vector is chosen as the
transmitted code vector. For illustration, let the transmitted code vector be ¢ =
(00,00,00,00,00). The corresponding transmitted voltage vector s is obtained by the map-
ping 0 — /7E, and 1 — —/rE,, where r is the code rate and Ej is the energy of the
information bit. The product rEj, represents the energy of the coded bit. Thus we have
s = (V7Eb, TEp; \/TEy, \/TEp; \/TEp, /¥Ey; \/TEp, \/YEp; \/TEp, \/TEp).  The  received
unquantized vector is assumed to be the vector r = ( —/¥Ep, \/7Ep; 0.5v/7Ey, \/YEp; —
0.5\/rEy, /TEp; \/TEy, \/TEy; \/YEp, \/TEp) with two errors underlined. In Figure 4.16

the components of r are normalized to \/7Ej. Each branch on the trellis is represented by
one of the following voltage vectors: 00 — (\/rEy, \/rEp), 01 — (VrEp, —/rE,), 11 —
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48 Summary

-1,1 0.5,1 -0.5,1 1,1 1,1

State

Unquantized soft Viterbi algorithm for rate %2 convolutional code with K = 3.

(f\/rEb, f\/rEb), 10 — (f\/rEb, VrEp). The path that associates with the code vector
(00,00,00,00,00) has a normalized minimum squared Euclidean distance of 6.5 and hence is
selected as the decoding path. The two errors are corrected.

[ ]

Convolutional codes with large constraint length are very powerful. Furthermore, the
concatenated outer RS code-inner convolutional code (adopted by IEEE 802.16e) can
provide a very large coding gain that may come within 2 dB of the Shannon limit. This is
perhaps the reason why LDPC codes were forgotten for three decades.

4.8 Summary
- |

We have provided an introductory study of information theory pioneered by Shannon that centers on source
coding and channel coding. We studied the Shannon noiseless source coding theorem and the famous
Huffman code, which is the optimum prefix code (no other prefix codes have smaller average code word
lengths). We stated without proof the Shannon noisy channel coding theorem and derived the information
capacities of both discrete and Gaussian channels. For Gaussian channels, we considered those with no constraint
on bandwidth and inputs, those with bandwidth constraints, and those with input constraints, especially
equiprobable discrete inputs. The channel coding is carried out by error-correcting codes such as block codes
and convolutional codes. The latter are widely used in IEEE 802.11 and 802.16 standards and in 2G and 3G
cellular communications.
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Problems

Given a source X ={0,1,2,3) with distribution px(0) =1/2, px(1) = 1/4,
px(2) =1/8, px(3) = 1/8, find the source entropy.

2. Consider the binomial random variable X = {0,1,..n} with distribution
px(x) = (’;)pi(l —p)”fi for a given probability p.

(a) Plot H(X) as a function of p with n as a parameter.
(b) Find H(X) forp=0.5and n =75, 10, 16.

3. Consider a Gaussian source Z with zero mean and unit variance. The source is
sampled and quantized to produce the output X, as shown in Figure 4.17. Find
H(X). (Hint: Find the distribution of the random variable X.)

X
) _
1
-1.5 -0.5 0.5 1.5 Z
1
— -2
Quantizer

4. Consider a geqmetric random variable X = {0,1,2,...} with distribution
px(i) = p(1 - p)".

(a) Find the source entropy H(X) in term of the entropy of a binary source.
(b) Find H(X) for p = 1/2.

5. Find the entropy of a continuous random variable.

6. Let X be a discrete random variable and g(X) be a function of X.

(a) Given E{g(X)} find the probability distribution function of X that maximizes the
entropy.

(b) Consider the random variable X = {0,1,2,...}. Given E(X) = X find the prob-
ability distribution function of X that maximizes the entropy.

7. Consider the code [0, 01, 011]. Is this code uniquely decodable? Decode the bit
sequence 0110010100001101.

8.  Consider the code [0, 10, 110, 1110, 11110]. What unique property does this code have
and is the code uniquely decodable? Decode the bit sequence 011001010000110.

9. Considerthe code[1,01,001, 0001, 0000]. Cite two unique properties and decode the
bit sequence 001011110010111000010100... .

10. Let Xand Y be two independent discrete random variables. Calculate the entropy of XY.
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Problems

Binary tree for prefix codes.

I1.
12.

13.

14.

15.

16.

17.

The code {0, 11, 110, 111} is not a prefix code. Does it satisfy the Kraft inequality?

Show that the prefix codes have the binary tree shown in Figure 4.18.

(a) If we let /> max/,, how many nodes exist at level /?

(b) When a code word of length /,, is chosen, how many nodes on level / are blocked
off?

(c) Show that a prefix code satisfies the Kraft inequality.

The Kraft inequality determines whether there is a corresponding prefix code for a

given set of code word lengths. Find a non-prefix code whose code word lengths [1, 2,

3, 3] satisfy the Kraft inequality.

In this problem we wish to show that the Kraft inequality applies not just to prefix

codes but to all uniquely decodable codes. Show the inequality

M n
()<

m=1

where 7 is an arbitrary positive integer and / is the longest code word length. From this

inequality show that Kraft inequality applies to all uniquely decodable codes.

Given a discrete source X with distribution px (x;), show that a prefix code for this

source whose average code word length is minimum has the following properties:

(@) If px(x;) >px(x;), then [; < [;.

(b) Two symbols with smallest probabilities have code words of equal length.

(c) Ifthere are two or more code words of equal length, then two of these code words
agree in all places except the last place.

Construct a Huffman code for the random variable X with the distribution {1/16, 3/16,

3/4}. Compare the average code word length to the entropy of X.

Construct a Huffman code for the random variable X with the distribution {1/32,

1/32, 1/16, 1/8, 3/16, 3/16, 3/8}. Compare the average code word length to the

entropy of X.
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1-—
0 P 0
P
E
P
1 1
1-p

Binary erasure channel.

18.

19.

20.

21.
22.

23.

24.

25.
26.

27.

28.

29.

30.
31.

Consider a discrete source of three symbols {4, B, C} with the distribution {1/16,

3/16, 3/4}. Construct a Huffman code for the extended source

{44,4AB,AC,BA,BB,BC,CA,CB,CC}. Compare the code rate to the entropy of

the original source. Calculate the variance of the code.

Show that the entropy of the extended source is n times the entropy of the original

source as described in (4.21).

Consider a binary erasure channel (BEC) with two equiprobable inputs 0 and 1 and

three outputs 0, 1, and E, where a fraction p of the bits is erased rather than corrupted.

The receiver is supposed to know which bits are erased. The BEC is shown in

Figure 4.19. Find the channel capacity.

Verify the BSC capacity in (4.36).

Find the mutual information /(0,V) and I(1,V) of a BSC. Calculate the channel

capacity using these results.

Find the mutual information /(0,7) and /(1,V) of the BEC in Problem 20. Calculate the

channel capacity using these results.

Consider a BSC with p = 0.5, that is, C = 0. Show that there are no repetition codes

that can meet a specified bit error rate less than 0.5.

Find the channel capacity of a series connection of # identical BSCs.

Consider a BSC with error probability p = 0.14.

(a) What is the BSC capacity?

(b) Is there a code that can be used to achieve a specified error rate? What is the code
rate?

(c) Assume that Hamming code is used to achieve a bit error probability equal to 0.1.
Can the goal be achieved? Provide two solutions.

Find the differential entropy of the random variable Y = X + ¢, where X is an arbitrary

continuous random variable and c is a real constant.

Find the differential entropy of Y = cX, where X is an arbitrary continuous random

variable and c is a real constant.

Consider a random variable X uniformly distributed over (a, b). Find the differential

entropy of X. Can the differential entropy be negative?

Derive (4.54) using the inequality Inz < z — 1 instead of the Jansen inequality.

Consider the water-filling strategy for a vector Gaussian channel with four subchan-

nels. The noise variances of the subchannels are o7 =2, 03 =4, 05 =1, o3 = 8.

The total power for allocating to the subchannels is nine power units. Calculate the

power allocated to each subchannel.
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32.

33.

34.

35.

36.
37.

38.

Consider the water-filling strategy for a vector Gaussian channel with five subchan-

nels. The noise variances of the subchannels are of =1, 05 =5, 03 =3,

o1 =9, a§ = 8. The total power for allocating to the subchannels is 20 power units.

(a) Calculate the power allocated to each subchannel.

(b) Suppose the total power is increased to 30 power units, calculate the power
allocated to each subchannel.

Consider the conversion of a Gaussian channel with PSK signaling into a BSC

channel with a crossover probability of p = 107°.

(a) Calculate the BSC capacity.

(b) Calculate the required SNR for a Gaussian channel with Gaussian inputs to have
the same capacity as the BSC.

(c) Calculate the potential coding gain.

Consider a (8,4) block code whose generator matrix is given by

O = O O
—_ o O O

0
1
1
1

S OO =
(=
O = =
—_—O = =
— O

(a) Find the code word for the input sequence (1011).

(b) Is the word (10111101) a valid code word?

(c) Use the syndrome decoding to decode the received word (11100101) with one
error in it.

Consider a sphere of radius ¢ around a code word ¢ of length » and rate » = k/n. This

sphere contains the set of all code words of Hamming distance less than or equal to ¢

from the code word c.

(a) Calculate the number of code words in the sphere.

(b) Calculate the number of code words in all legitimate spheres of radius ¢.

(c) Show the following bound:

1—r>l ~(n
—r = ; ng A i
i=0
Verify (4.99).

Consider two independent binary random variables x; and x, with corresponding
probabilities Pr(x; =0)=p;, Pr(x;=1)=1-p;, Pr(x, =0)=p,, and
PI‘()CQ = l) =1 — p2.

(a) Evaluate the probabilities of x| + x;.

(b) Evaluate the LLR of x; + x; in terms of the LLRs of x; and x;.

(c) Generalize the result to #» independent binary random variables.

Plot the function f(z) = —In[tanh(z/2)] and show that the smallest value of z
dominates. This means that the check node LLR is dominated by a bit that is least
certain, that is, likely to be zero or one. In this case the parity is also likely to be either
zero or one irrespective of other bits. Modify the check node LLR to reflect this
observation for less complex calculation.
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State

00

01

10

11

Trellis of rate %2 convolutional code with K = 3.

39.

40.

41.

42.

43.

44,

45.

46.

Implement the MPA for the Hamming code (7,4) and plot the bit error probability
versus Ep, /Ny (dB).
Consider a rate 2/5 convolutional code with the following generator matrix:

[ 1T+x 14x 1
Glx) = 0 X 1+x

(a) Design the encoder.

(b) Calculate the constraint length.

Consider the convolutional encoder specified by the generator polynomials

gi(x) =1+ x* and & (x) = x +x% + 7.

(a) Draw the encoder.

(b) For the input sequence (10111), add the smallest number of tail bits and find the
output sequence.

(c) Draw the state diagram.

Perform the Viterbi algorithm for the convolutional code with the trellis shown in

Figure 4.20, assuming the received vector r = (0101011111).

Perform the Viterbi algorithm for the convolutional code with the trellis shown in

Figure 4.20, assuming the received vector r = (1000100001).

Perform the Viterbi algorithm for the convolutional code with the trellis shown in

Figure 4.20, assuming the received vector r = (0;0;1900091,001;1,0p).

Perform the Viterbi algorithm for the convolutional code with the trellis shown in

Figure 4.20, assuming the received vector ¥ = (1;0;19001;1;00191,0).

Perform the Viterbi algorithm for the convolutional code with the trellis shown in

Figure 4.20, assuming the received vector r = (—0.8,—0.6,1,—0.7,0.7,0.6,0.5,

—0.9,-0.8,-0.6).
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47. Perform the Viterbi algorithm for the convolutional code with the trellis shown in
Figure 4.20, assuming the received vector r = (0.7,0.9,—1,0.7,0.7, —0.6, —0.5,
—0.9,0.8,—-0.6)

Further reading
|

The foundation of information theory was laid out by Shannon in [1,2]. For an introduction
to information theory and coding we recommend Hamming [6,9]. The serious reader can
explore [4,10-16] for advanced materials.
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Communication link analysis

Introduction

In this chapter, we provide the foundation for analyzing a wireless communication link. The
purpose is to evaluate the signal-to-noise ratio at the receiver to assess the link performance.
Evaluation of the signal power and noise power requires the path loss and receiver system
noise temperature, respectively. The receiver consists of an antenna, a low-noise amplifier, a
downconverter, and a demodulator. The concept of the thermal noise source and its noise
temperature, as well as the antenna noise temperature, is discussed. We also introduce the
effective noise temperature and noise figure of a two-port network such as the low-noise
amplifier, downconverter, or demodulator. The effective noise temperature and noise figure
of a cascade or series connection of two-port networks are derived. This leads to the
evaluation of the receiver system noise temperature.

For free space links, such as satellite communications links, we introduce the Friis
equation to calculate the path loss. For cellular communications links, we present the
well-known Hata model. Many important aspects of cellular systems are also discussed,
such as the frequency spectrum, standards, and the co-channel interference.

5.1 Basic wireless communication link

177

In wireless communications, the point-to-point link is the simplest connection between a
transmitter and a receiver. In this basic link, the transmitted signal travels the line-of-sight
path to the receiver and the channel is the free space. A typical wireless communication
system is shown in Figure 5.1.

The transmitter consists of a modulator, an upconverter, a high-power amplifier, and a
transmitter antenna. The receiver consists of a receiver antenna, a low-noise amplifier, a
downconverter, and a demodulator. The upconverter translates the IF carrier frequency of
the modulated signal to the RF carrier frequency for transmission. The downconverter
translates the RF carrier frequency of the received signal to the IF carrier frequency for
demodulation.

Each subsystem in the transmitter and receiver processes the information signal and adds
thermal noise to it. The thermal noise is generated by the electronic components of the
subsystem. At the transmitter, the signal power is much larger than the composite thermal
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Transmitted
information Hich-nower
———> Modulator —>{ Upconverter > PO —> Antenna
amplifier
Channel
Received
information i
<— Demodulator |[«— Downconverter [«— Low l?f(_"se «— Antenna
amplifier

Typical wireless communication system.

—0
Noiseless R
Noisy resistor
resistor g .
Noise W)
source
—O ]

Thermal noise source.

noise power generated by the transmitter’s subsystems; therefore, the effect of the thermal
noise is negligible. The signal is attenuated as it travels through the channel. When the signal
arrives at the receiver, its power can diminish to a level so that the effect of noise becomes
relevant. The receiver antenna receives the signal contaminated by sky noise. At each
subsystem of the receiver, the signal is processed and thermal noise is added to the signal.

The purpose of link analysis is to obtain the signal-to-noise ratio at the receiver that can
provide a qualitative assessment of the performance of the entire communication system.
Two quantities need to be evaluated, namely, the receiver noise power and the received
signal power. We first study the effect of thermal noise in the receiver.

Thermal noise

Thermal noise is generated by random motion of electrons in a resistor whose temperature is
above absolute zero kelvin. A noise voltage is generated across the terminal of the resistor,
which can be modeled as a noiseless resistor with resistance R ohms in series with a noise
voltage source v(f) as in Figure 5.2.

The power spectral density of the thermal noise source w(f), which is normalized to
R=1Q, is given in W/Hz as follows:

hlf hlf
Sv(f) 2{%%“"/%} W/Hz (5.1)
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R

v(r) (~)

Thermal noise source with a matched load.

where h = 6.6 x 10734 Js is the Planck constant, k = 1.38 x 10~ J/K is the Boltzmann
constant, T, is the physical temperature of the resistor (also referred to as the noise temper-
ature of the source) in kelvin, and f'is the frequency in Hz.

For frequency /' <1000 GHz, the power spectral density of a thermal noise source can be
very well approximated by the following constant:

Su(f) = 24T, (5.2)

Noise with a constant power spectral density is called white noise. In a communication
system, all subsystems are designed to have matched impedances at both input and output.
For example, the output impedance of the antenna is matched with the input impedance of
the low-noise amplifier. In practice, these input and output impedances are 50 Q. In our
discussion, we assume a normalized impedance of R=1€Q. Matched impedances are
employed to provide the maximum power transfer from one subsystem to the next one.
Unfortunately, this also allows the maximum power transfer of noise.

When a matched load is connected across the thermal noise source as shown in Figure 5.3,
the available power spectral density in W/Hz across the load is

S(f) = 1H()PS(f) (5.3)

where H(f) is the transfer function of the resistor divider network and is given by

R 1
=——== 4
H(f) = 5 7=7 (5:4)
Substituting (5.2) and (5.4) into (5.3), we obtain
kT,
S(f) =" (5.5)

Note that the available power spectral density of a thermal noise source is independent of the
value of R.

The available noise power, in watts, delivered by the thermal noise source v(?) to the
matched load in a bandwidth of B Hz is therefore given by

B kT,
g 2

B
v=| sthar=| Bror -, (5.6)
B

Figure 5.4 illustrates the evaluation of the available noise power.
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-B B

Available noise power.

Example 5.1 Available noise power
Consider a thermal noise source with noise temperature 7,, = 290 K. The available power
spectral density is given as

T,
S(f) = kz” =2x 107! W/Hz

Assuming that the operating bandwidth is B = 1 MHz, the available noise power is

N=kBT,=4x 107" W

In summary, a thermal noise source is specified by its noise temperature 7,,, which is also
its physical temperature. Returning to Figure 5.1, we observe that the receiver antenna
receives the signal plus sky noise. The term sky noise is used to include noise signals from
emitting—absorbing objects in space. High-temperature-emitting objects such as the stars
and the Sun produce electromagnetic radiation with a white noise power spectral density in
the practical frequency range that wireless communications operate in. The antenna also
receives noise signals from absorbing objects, such as the Earth and the Moon. A blackbody
that absorbs electromagnetic radiation also acts as a resistor above absolute zero kelvin and
hence also radiates noise. The composite noise signal received by the receiver antenna can
be modeled as a white noise source of temperature 7, called the antenna noise temperature.
This equivalent noise source delivers an available noise power of k7,B. In other words, the
noise that the antenna receives can be taken into account by assigning a noise temperature
T, to the antenna radiation resistance. The antenna noise temperature is a function of
frequency and antenna beam angle, and includes contributions from sources of radiation
in the main beam as well as sources of radiation in all directions in proportion to the antenna
pattern.

Example 5.2 Antenna noise temperature

An antenna is pointing at the sky with a temperature of 10 K. This temperature consists of
the sky background temperature of 3 K (the residual temperature of the Big Bang that
created the universe) and 7 K due to atmospherical absorption. Assuming the non-ideal case
where 90% of the beam is directed at the sky and 10% at the ground at a temperature of
290 K, the antenna noise temperature can be calculated as follows:
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0 Noiseless
Receiver Resistor resistor
O antenna at Ty, =
o Noise

source

Sky temperature (D), S,(f)=2kTy

T
! @) ®)

(a) Antenna with entire pattern sees the sky at temperature Ty; (b) resistor at temperature T,. The same noise power
spectral density is available at the output terminals in both cases.

Sky contribution : 09x10K=9K
Ground contribution: 0.1 x 290K =29K

Thus,
T,=9K+29K =38K
The noise power spectral density available at the antenna output is given by (5.5) as

_ M _

S(f) 2.6 x 1072 W/Hz

In summary, the noise that the antenna receives can be taken into account by assigning a
noise temperature 7 to the antenna radiation resistance. Thus, if the antenna is replaced by a
resistor of the same radiation resistance at temperature 7, the noise power spectral density
available at the output terminals is unchanged, and so is the noise power available within a
bandwidth B. Figure 5.5 illustrates the modeling of the noise received by the receiver
antenna.

Returning to Figure 5.1, the signal and sky noise received by the receiver antenna are
delivered to the low-noise amplifier. The low-noise amplifier amplifies both signal and sky
noise and also adds its own thermal noise to the signal. More thermal noise is added as the
signal is downconverted from the carrier frequency to an intermediate frequency by the
downconverter and, finally, the demodulator adds more noise as it detects the information
from the modulated signal.

We assume that the gains of both the low-noise amplifier and downconverter are constant
over the operating frequency range. This is the case in practice to avoid frequency-selective
distortion of the signal spectrum, which in return can cause intersymbol interference and/or
loss of the signal-to-noise ratio.

Effective noise temperature

To account for the effect of the internal thermal noise generated by a two-port network such as
the low-noise amplifier, downconverter, or demodulator, we consider a noisy two-port network
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Noisy Noiseless

(R, T,) two-port R (R, T,+T,) two-port
gain=G gain=G

(a) (b)

(a) Noisy two-port network with input noise source at temperature T,; (b) model with the effect of noise temperature
T, added to noise source temperature.

as shown in Figure 5.6(a). The input and output of the network are matched to R ohms. The
network has a constant gain G and is driven by a thermal noise source at temperature 7,.

The noise power available in a bandwidth B at the input of the network is kBT, as indicated
by (5.6). The noise power available in B at the output of the network due to the input noise
source is simply kBGT,. Let N; denote the noise power available in the bandwidth B at the
output port due to the internal noise sources of the network. Then, the total available noise
power at the output port is given by

N = kBGT,, + N;

Nr
= B T}’l —_— .
k G( + 2 G) 5.7)
= kBG(T, + T.,)
where
N;
= 5.8
kBG (5:8)

is defined as the effective noise temperature of the two-port network and is incorporated in
the model shown in Figure 5.6(b). In this model, the noisy two-port network is replaced by a
noiseless two-port network with the same gain G, and the input noise source temperature is
changed from 7, to T,, + T,. Note that the noise power available at the input of the noiseless
two-port network is kB(T, + T,), as compared to kBT, at the input of the noisy two-port
network. Nevertheless, they both yield the same available output noise power given in (5.7).

In summary, the effective noise temperature of a noisy two-port network is the additional
temperature that a noise source requires to produce the same available noise power at the
output of the equivalent noiseless two-port network (the noisy two-port network with the
internal noise removed).

Definition 5.1 The system noise temperature of a noisy two-port network is defined by

Ii=T,+T. (5.9

Definition 5.2  The system noise power is defined by

N; = kBT, (5.10)
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R, Ty Noiseless
two-port R
s(1) with network
power P;

System signal-to-noise ratio where the input signal s(t) has power P;, and the system noise n(t) has power kBT..

Definition 5.3  The available output noise power of a two-port network is defined by

N = kBGT, (5.11)

Definition 5.4  The system signal-to-noise ratio of a noisy two-port network of effective
noise temperature 7,, driven by an input noise source of temperature 7,, and an input signal
source of power P; , is defined by

P
SNR = — = (5.12)
and is illustrated in Figure 5.7.

We remark that the quantity P/kBT, is not the system signal-to-noise ratio, because it
does not account for the internal noise of the two-port network.

Another measure employed to characterize a noisy two-port network driven by an input
noise source of reference temperature 7y is the noise figure, which is defined as the ratio of
the available output noise power to the available output noise power produced by the input
noise source at reference temperature only (that is, without the addition of the internal
noise). Thus, using (5.6) and (5.7), we obtain the noise figure F as follows:

 kBG(Ty +T.)

F =
kBGTo (5.13)

— 1 + Tg

= 7.
It is seen that the noise figure is defined for a reference noise source temperature 7. The
reference room temperature adopted by the IEEE is T = 290 K, which yields

T,

F=1
+29O

(5.14)

Therefore, the effective noise temperature in kelvin of the noisy two-port network can be
related to its noise figure as

T, = 290(F — 1) (5.15)
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Example 5.3 Noisy two-port network
Consider a noisy two-port network with an effective noise temperature 7, = 120K, a gain
G =50dB, and a bandwidth B = 1 MHz. The input noise source is at temperature 7,, = 60 K
and the input signal source has a power P; = 10~ '>W. Calculate the noise figure of the
two-port network, the system noise temperature, the system signal-to-noise ratio, and the
available output noise power.

From (5.14), the noise figure is given by

120

F=14—=141=15dB
+290

The system noise temperature can be calculated from (5.9) as
T, =120+ 60 = 180K
From (5.12), we obtain the system signal-to-noise ratio as

10-"
SNR = —402.6 = 26dB
(1.38 x 10-23)(106)(180)

From (5.11), the available output noise power is given by

N = (1.38 x 107%*)(10°) (10%) (180)
=25%x10"W

Returning to Figure 5.1, we note that the antenna output might be connected to the low-
noise amplifier via a transmission line, such as a waveguide. To account for the loss of the
transmission line, we return to Figure 5.6 and consider the transmission line as a reciprocal
two-port network with loss L, or equivalently with gain

G=7 (5.16)

Let the characteristic impedance of the transmission line be R ohms, so that both input and
output are matched to R ohms. Also, let 7 be the physical temperature of the transmission
line. Thus, looking into the output of the transmission line, the load sees a resistor R at
temperature Ty. Therefore, the available output noise power 